WONDERFUL VARIETIES OF TYPE D 



PAOLO BRAVI AND GUIDO PEZZINI 



Abstract. Let G be a connected semisimple group over C, whose simple com- 
ponents have type A or D. We prove that wonderful G- varieties are classified 
by means of combinatorial objects called spherical systems. This is a gener- 
alization of a known result of Luna for groups of type A; thanks to another 
result of Luna, this implies also the classification of all spherical G- varieties for 
the groups G we are considering. For these G we also prove the smoothness of 
the embedding of Demazure. 



1. Introduction 

Let G be a connected semisimple group over C. In |L3j it is proven that if G is 
adjoint of type A then wonderful G-varieties are classified by means of discrete in- 
variants coming from the theory of spherical varieties. These invariants are treated 
as combinatorial objects called spherical systems. 

In this work we extend this result to the case where G has simple components 
of type A or D. 

Wonderful varieties were studied at first in the theory of linear algebraic groups as 
compactifications of certain homogeneous spaces, precisely the symmetric ones (for 
more details, see |DPj V They also appear in the theory of spherical embeddings, as 
"canonical" compactifications of particular spherical homogeneous spaces. Actually 
all wonderful varieties can be obtained in this way ( |L1| 1. 

Wonderful varieties of low rank have been classified for all G, by Ahiezer (rank 
1, in the framework of compact groups, also obtained with algebraic methods by 
Brion) and Wasserman (rank 2). Their results have been crucial in establishing the 
axioms defining the spherical systems. 

The role of wonderful varieties within the theory of spherical varieties has been 
made clear in |Knj and |L3j : their importance has grown up to the point that the 
classification obtained in |L3| and in the present work implies the classification of 
all spherical G-varictics for the groups G under consideration. 

We also prove for these groups a known conjecture of Brion (appeared in B3 ), 
already proven by Luna in |L4| for G of type A, which states that the embedding 
of Demazure is smooth. 

We are grateful to D. Luna and C. Procesi for their precious help. 

2. The classification of wonderful varieties 

2.1. Wonderful varieties. We recall some basic definitions and known facts about 
wonderful and spherical varieties. Let G be a complex semisimple linear algebraic 
group, B and B~ two mutually opposite Borel subgroups, and T = B n B~ a 
maximal torus. 
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Definition 2.1 ( DP ). An algebraic G- variety A is wonderful of rank r if: 

- A is smooth and complete, 

- G has a dense orbit in X whose complement is the union of r smooth prime 
divisors Z)j, i = 1, . . . , r, with normal crossings, 

- the intersection of the divisors Di is nonempty and, for all / C {1, . . . , r}, 

(f|A)\(|jA) 

is a G-orbit. 

A wonderful G- variety is always projective and spherical (see |Ll|h where in 
general an irreducible G-variety X is said to be spherical if it is normal and it 
contains an open dense B-orbit. This implies that any B-proper rational function 
on X is uniquely determined (up to a scalar factor) by its £>-weight; the lattice of 
such weights is called Ex- If X is wonderful of rank r then Ex has rank r (|L1|). 

Every Q- valued discrete valuation v of C(X) defines a functional px{v) on Ex 
in the following way: (px{v), x) — K/x) where \ S Ex and f x G C(A) is improper 
with weight \. The application v px{v) is injective if we take its restriction to 
the set Vx of all G-invariant valuations of A". In this way Vx is identified with a 
subset of Homz(Sx,Q), and it turns out to be a polyhedral convex cone. 

This cone can be described as the set {v S Homz(Sx,Q) : v{x) < Vx £ £} for 
a uniquely determined set S of indecomposable elements of Ex called the spherical 
roots of X. 

If a prime divisor of X is £?-stable but not G-stable, then it is called a colour] 
the set of all colours is denoted by Ax- The discrete valuation vo associated to a 
colour D defines a functional px{vd) which is also denoted by px(D) for brevity. 
In general the application D t— > px{D) (where D ranges in Ax) is not injective. 
The stabilizer in G of the union of all colours is a parabolic subgroup containing B 
denoted by Px- 

A subgroup H of G is spherical if G/H is a spherical G-variety under the action 
of left multiplication, and it is wonderful if G/H admits an embedding which is a 
wonderful variety. If H is wonderful then H necessarily has finite index in Ng(H) 
and the wonderful embedding of G/H is unique. Moreover, if a spherical subgroup 
H is equal to Ng(H) then it is wonderful f |Kn| ). 

2.2. Relations between spherical roots and colours. If A is a wonderful va- 
riety, the set of its spherical roots Ex is a basis of Ex- In this setting one can 
also retrieve Y*x in the following way: let z € X be the unique fixed point of B~ 
and consider the orbit Z — G.z which is the unique closed orbit in A. Then the 
spherical roots are exactly the T-weights appearing in the quotient T Z X/T Z Z . 

One can associate to each spherical root 7 a G-stable prime divisor D 1 such that 
7 is the T-weight of T Z A/T 2 Z? 7 . Consider the intersection of all G-invariant prime 
divisors of A different from D 1 : this intersection is a wonderful variety of rank 1, 
having 7 as its spherical root. 

The set of spherical roots of all wonderful G-varieties of rank 1 is denoted by 
S(G); our last considerations amount to say that Hx C S(G) for any wonder- 
ful G-variety A. For G of adjoint type the elements of S(G) are always linear 
combinations of simple roots with nonnegative integer coefficients. 
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Table 1: Rank one prime wonderful G- varieties for G adjoint of type 
A D, up to isomorphism. 



Spherical root 


Type 


Diagram 


G / 


Ql 


a-i 


O 

6 


SX(2) / GL(1) 


ai + ... + a n 


a n 




SL(n + l) 1 GL{n), n>2 


2qi 


ai 


6 


SL(2) 1 N G (GL(1)) 


Ql + q'i 


ai x ai 
(or d 2 ) 




(SL(2)xSL(2)) 1 (SL(2)-C G ), 
SL(2) embedded diagonally 


Ql + 2a2 + 03 


d 3 


® 


SL{A) 1 (Sp(4) ■ Co) 


2qi + .. . + 2a„- 2 + 

Qn-l + Qn 


d„ 




SO(2n) 1 (SO(2n - 1) ■ C G ), 
n > 4 



For any given G there exist only finitely many wonderful varieties of rank 1, 
and they are classified (pQ, 122 )■ With this regard it is convenient to recall the 
following. 

Definition 2.2. A wonderful variety X with open G-orbit X G = G/H is said to 
be prime if H satisfies the following conditions: 

- if P is a parabolic subgroup such that P r C H C P then P = G; 

- if G = G 1 x G 2 and H = H 1 x H 2 with H t C G. t then G X =G or G 2 = G. 

See Section 13.11 for a motivation of this definition. We report in Table the list 
of rank one prime wonderful G- varieties for G an adjoint group of type A D, up 
to isomorphism. Two G- varieties, X and X' , are here considered to be isomorphic 
if there exists an outer automorphism a of G such that X is G-isomorphic to X' 
endowed with the action of G through a. 

How to read Tabled For any rank one prime wonderful G- variety X we report, 
in Column 4, the homogeneous space G/H = Xq and, moreover, the following 
informations: (Column 1) the spherical root as linear combination of simple roots 
denoted as usually, (Column 2) the type of the spherical root (the type will be used 
throughout the text to refer to the corresponding spherical root according with this 
table), (Column 3) the Luna diagram of the spherical system of X. 

Rank two prime wonderful varieties have been classified by Wasserman (j^|); in 
Table [5] we report the ones for adjoint groups of type A D (up to isomorphism, as 
in Table P). 

How to read Table For any rank two prime wonderful G- variety X we re- 
port, in Column 3, the homogeneous space G/H = Xq and, moreover: (Column 1) 
the label according with jW] and the Luna diagram of the spherical system, (Col- 
umn 2) the set of spherical roots and the set of colours with the table of values 
taken by the functional associated to each colour on the spherical roots. When 
necessary, in Column 3, we describe the subgroup H by providing its connected 
center G°, the commutator subgroup (L,L) of a Levi subgroup L and the Lie 
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algebra of its unipotcnt radical H u in a rather concise way: in a matrix we re- 
port the generic element (ci, . . . , c Ta ,nks.(H)) of C° times the generic element of 
(L,L), plus the generic element of Lie(H u ) delimited by a line. We denote with 
7r the usual isogeny it: SL(2) x SL(2) — ► S*0(4) and with j the usual injection 
j: SO(2n-l) -► SO(2n). 

Table 2: Rank two prime wonderful G- varieties for G adjoint of type 
A D, up to isomorphism. 



Diagram 




G / H (C°, (L, L), Lie(H u )) 


Al 

O O 


{2ai, 2a 2 

5 * 2 


i, 

2 -1 
-1 2 


SL{3) / (SO(3) • C G ) 


A2 


{ai + aj, Q2 + a 2 }, 


(SX(3) x SX(3)) / 
(SL(3)-C G ), 

SL(3) embedded diagonally 


@ & © & 


*-i = «„i 

<5ao = S, 
2 a 2 


2 -1 
-1 2 


A3 


{oi + 2Q2 + C>3 ; Q3 + 2a4 + 

S a2 1 2 -1 
*a 4 | -1 2 


SL(6) 1 (Sp(6) ■ Co) 


A4(i) 

<o 


{ai + a 3 , a 2 
8 ai = S a3 


2 -1 
-1 1 
-1 1 


5L(4) / S{GL(2) x GL(2)) 


A.*t\ll ) 


{qi + 0:3 , 2a; 


} 

2 -2 
-1 2 


5L(4) / N G (SL(2) x 


SL(2)) 


A4(iii) 


{ai + a„, a 2 + ...+a„_i} 


SL(n + 1) / 

S(GL{2) x GL(n- 1)) 


© gT^- - © 


*«„-l 


2 -1 
-1 1 
-1 1 




{til + QI3, Ct 2 
<5 Q1 = «a 3 

5 » 2 


2 -1 
1 
-2 1 


5L(4) 

for A £ 
M' + A 


/H, 

( cA \ 


L), M 
' = 




\\ M | c-'A ) 
SL(2), c G GL( 
r" e st(2) © C, A 


A6(i) 

O O 

o o 


{ai, a 2 } 
5- 


1 

1 -1 
1 
-1 1 


SL{3) / H, 

( ci \ 
c 2 

VI * 01*/ 

for ci,c 2 G GL(1) 




A6(ii) 

9 gr-*T.- : 


{Ol, Q!2 + 

<5c 2 
5„„ 


. .. + a„} 

1 

1 -1 
-1 1 
1 


SX(n + 1) / H, 

( ci \ 

* 
\| * 1 c 2 A / 

for A G 5L(n - 1), Ci,c 2 e 

GUI) 
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Diagram 



G / H (C°, (L, L), Lie(H u )) 



A6(iii) 



{qi + . . . + a m , a m+ i+. . .+ 



SL(n + 1) / H, 







1 







1 


-1 




-1 


1 








5 c„ 





1 



ci Ai 






* 

"on c 2 a 2 



for Ax 6 SL(m), A 2 G SL(n - 
m - 1), d,c 2 e GL(1) 



A7(i) 



O 

O O 



{aii t«2} 



5L(3) / ff, 



4r=4 2 


1 
1 


1 

-2 


^2 


-2 


1 



for c e GL(1), m e I 



j47(m) 



{ai + a 2 , a 2 + as} 



SL(4) / ff, 



l -l 
l l 
-l l 



_c 

"mTI a 



M 2 



for A e SL(2), c e GL(1), 
Mi,M 2 e C 2 Si (C 2 )*, Mi + 
M 2 = 



A8 



6~6 

6 6 



{ai, a 2 } 



4r=4 2 


1 1 




1 -1 


*a 2 


-1 1 



(SL(2) x SX(2)) / B~, 

B~ Borcl subgroup of SL(2) 
embedded diagonally 



£>l(i) 
Q> 

o 




{ai, 2a 2 + . . . + 2a„_ 2 + 

t»n-l + «n} 



SO(2n) / 

(GL(1) x 50(2n-2)) 





1 


-1 




1 


-1 








5 Q2 


-1 


2 



D1(m) 



o 




{2ai, 2a 2 + . . . + 2a„_ 2 + 
On-l + an} 



SO(2n) / (iV Si(2) (GL(l)) x 
SO(2n - 2)) 



6 a . 



2 -1 

-2 2 



D3 



{ai+2a 2 + a 3 , 03 + 0:4+05} 



50(10) / GL(5) 



Sc 2 


2 -1 




-1 1 


<5 Q5 


-1 1 




- Qn- 2 , On-l + 


a„} 





D4(i) 
(g — y- 






1 




1 -2 


<5a„_i = <5q„ 


-1 2 



50(2n) / H, 

cA-l 

M I 7r(A 2 , A 2 ) 



for Ai e SL(n-2), A 2 e SL(2), 
c G GL(1), M = M' + M" e 

(c n - 2 y ® c 4 s (c™~ 2 )* ® 
(si(2)ec) s ((c"- 2 )*«x>[(2))e 

(C™~ 2 )*), M" = 
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Table 2: Rank two prime wonderful G- varieties (continuation). 



Diagram 



G I H (C°,(L,L),Lie(H u )) 



DA(ii) 

O 
O 




{qi, 2q 2 + . . . + 2a„_2 + 
tXn-i + a„} 



SO(2n) / H, 

I c 



1 

1 -2 
-1 2 



~W \ j(A) 



for A e SO(2n — 3), c£ GL(1) 
M = M' + M" e C 2 " -2 S 



D4(m) 




{ai + . . . + a m , 2q,„ + i 4 
. . . + 2a„_2 + CK n _i + ct„} 



50(2n) / H 

cAi 





1 





<5 Qm 


1 


-2 




-1 


2 



"TET" 







for Ai G SL(m), A 2 e SO(2n - 
2m - 1), c € GL(1), M = M' + 

m" e (C"*)*®c 2 "^ 2 s (c m )*® 

( C 2n-3 ffiC ) s ((C"*)*®C 2 "- 3 )© 

(C m )*, M" = 



D7 




{ai + . . . + a„_2 + 
a n -i, ai + . . . + a Tl _2 



1 1 
1 -1 
-1 1 



SO(2n) I H, 

I cA 

' AT | 1 

-M CTl 1 




for A £ SL(n - 1) 

m e (C" _1 )* 



€ GL(1) 



Now let 5 1 be the set of simple roots associated to B and let X be a wonderful 
G-variety. For every a£S, let P{ a } be the standard parabolic subgroup associated 
to a; let Ax (a) denote the set of non-P^ instable colours. For brevity we say that 
a "moves" the colours in Ax (a), and we should point out that a colour is always 
moved by some simple root. 

Lemma 2.3 f |L2| 1. For alia E S, Ax(a) has at most two elements. The following 
four distinct cases can occur. 

(1) Ax{a) = %, this happens exactly when the open B orbit is stable under Pi a \. 
The set of all such a is denoted by S x ; we have obviously Ps p x = Px ■ 

(2) Ax (a) has two elements, this happens exactly when a £ Sx ■ The two 
colours in Ax (a) are denoted by D~, and we have: 

(p(D+) r/ ) + {p(D~), 1 ) = (a\ 1 ) 

for every 7 £ Sx • We denote by Ax the union of Ax (a) for a £ S PI Sx • 

(3) Ax (a) has one element and 2a £ Sx- The colour in Ax (a) is denoted by 
D' a , and: 

<Pra,7>^(a V ,7> 

for every 7 £ Sx • 

(4) The remaining case, i.e. Ax (a) has one element, but 2a ^ Sx- In this 
case, the colour in Ax (a) is denoted by D a , and: 

(p(D a ), 1 ) = (a\ 7 ) 

for every 7 £ Sx • 
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Lemma 2.4 (|L3j). For all a, (3 G S. the condition Ax (a) PI Ax(/3) occurs 
only in the following two cases: 

- if a, (3 G S l~l Sx i/ien i£ can happen that the cardinality of Ax (a) U Ax 
is eguaZ to 3, 

- if a and (3 are orthogonal and a + (3 (or ^(a + f3)) belongs to Ex, then 
D a = Dp. 

The relations appearing in these two lemmas have been found using some analysis 
of the cases in rank 1 and 2, and they will appear in the next section as axioms 
for an abstract combinatorial structure called spherical system. These objects take 
into account the set S x of simple roots moving no colour, the set Ex of spherical 
roots and the subset of colours Aj. 

2.3. Spherical systems. 

Definition 2.5. Let (S p , E, A) be a triple such that S p C S, E C E(G) and A a 
finite set endowed with an application p: A — > H*, where 5 = (E) C H(T). For 
every a G E n S, let A(a) denote the set {<5 6 A: 5(a) = 1}. Such a triple is called 
a spherical system for G if: 

(Al) for every 6 G A and 7 G E we have (p(S),j) < 1, and if 5(7) = 1 then 
7GS*nE; 

(A2) for every a 6 E n S, A(a) contains two elements and by denoting with 5+ 
and 5~ these elements, it holds (p(<5+),7) + (p(^q),7) = ( aV ,7), f° r every 
7GE; 

(A3) the set A is the union of A(a) for all a G E n S; 

(El) if 2a G En 25 then i(a v ,7) is a nonpositive integer for every 7 £ E\{2a}; 
(E2) if a, (3 S 5 are orthogonal and a + /3 £ E (or |(a + (3) G E) then (a v , 7} = 

(/3 V ,7) for every 7 G E; 
(S) for every 7 G E, there exists a wonderful G-variety X of rank 1 with 7 as 

spherical root and S p = S x . 

The cardinality (rank) of E is the rank of the spherical system. 
Using the finite list of rank one prime wonderful varieties, in case the group G 
is of type A D the last axiom can be rewritten as follows: 

(S) (type A D) for every 7 G E, 

{aeS: (a v ,7) = 0}nsupp(7)cS* p c{aGS': (a v , 7 ) = 0}, 

where the set supp(7) is the support of 7, namely {a G S: (a*, 7} ^ 0} (here {a*} 
denotes the dual basis of S). 

Remark 2.6. For every spherical system the spherical roots are linearly independent 
and E is a basis of H. 

On a wonderful variety X the information contained in S x , Ex and Ax is 
enough to "recover" the full set of colours Ax at least as an abstract set endowed 
with an application px ■ Ax — > S* . This is easily done using lemmas 12.31 and 12.41 
let us see this procedure applied to an abstract spherical system (S p , E, A). Its set 
of colours A is defined as follows: 

A = A° U A"' U A b 



where 
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A a = A, 

A a ' = S n ±E, 

A b = S 6 /-, where S b = (S \ (E U §E U S?)) and a ~ (3 if and only if 

a 1 (3 and a + (3 G E (or ±(a + /?) £ E). 
The set of elements of A "corresponding" to a £ S is denoted by A (a), and we say 
that these are the colours moved by a. The element corresponding to a G S n ^E 
in A a is denoted by , and the element corresponding to a 6 S' in A b is denoted 
by S a . The map p: A — > S* can be extended to A as follows: 

M<U7H!<a v ,7) VaeSniE,V 7 eS; 

(p(«a),7> = (« V ,7) VaeS ft ,V 7 e5. 
The definition of spherical system is such that the following lemmas hold (see 
Pi): 

Lemma 2.7. For every wonderful G-variety X the triple (S^, Ex, Ax) is a spher- 
ical system. 

Lemma 2.8. The map X i— » Aj) is a bijection between rank one (resp. 

rank two) wonderful varieties (up to G -isomorphism) and rank one (resp. rank two) 
spherical systems. 

In |L3| it is proven that spherical systems classify wonderful G-varieties for G 
adjoint of type A. Our main theorem is the generalization of this result to type 
A D. 

Theorem 2.9. Let G be a semisimple adjoint algebraic group of mixed type A and 
D. Then the map associating to a wonderful G-variety X the triple (5^,Dj,Ax) 
is a bijection between wonderful G-varieties (up to G -isomorphism) and spherical 
systems for G. 

Remark 2.10. Obviously, two G- isomorphic wonderful G-varieties have the same 
spherical system. If two wonderful G-varieties are isomorphic, namely G-isomorphic 
up to an outer automorphism of G, their spherical systems are equal up to a per- 
mutation of the set S of simple roots. 

A useful way to represent a spherical system for G is provided by the Luna 
diagram constructed on the Dynkin diagram of the root system of G. We focus on 
adjoint groups of type A D, following |L3) in type A. 

For every a 6 5, we draw one or two circles near the corresponding vertex to 
represent the colours moved by a. Different circles corresponding to the same colour 
are joined by a line. 

In the Luna diagram each spherical root in E is denoted as in Tabic [if on the 
vertices corresponding to supp(7). 

In order to represent the set A and the map p : A — > S* , we arrange the diagram 
in such a way that the circle above a simple root a (corresponding to a colour 
denoted by <5+) satisfies (p(£+ ), 7) > — 1 for all 7 S E. Moreover we draw one arrow, 
> or <, near the circle above the simple root a pointing towards the spherical root 
7 when 7 is nonorthogonal to a and (p(^),7) = — 1. These data are sufficient to 
recover the map p, using axioms Al and A2 of spherical systems. In some cases, 

^For the type a m , m > 2, we modify the convention of D. Luna and we partially follow that 
of R. Camus (0). Notice that the zigzag line is drawn only to denote this type of spherical root 
and not to join the two circles, since they correspond to two distinct colours. 
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we report the arrows analogously for the circles below the simple roots in order to 
avoid confusion. 

3. Reduction to the primitive cases 
3.1. Luna's lemmas. 

Localization, (see also |L2| ~) Let X be a wonderful G- variety, let E' be a subset of 
the set Ex of the spherical roots. The variety 

is called the localization of X in S'. It is a wonderful G- variety with 

qP _ cP 

S^s' = E , 

A XS ' = Ax(E' n S), namely the union of Ax (a) for all a G Efl5, and 
p x s' is the restriction of px to A XE < followed by the projection S* — » (E')*. 

Let S" be a subset of the set S of simple roots. Let Ps> be the standard parabolic 
subgroup containing B and associated to S' and L' a Levi subgroup. Let C" denote 
the radical of L' and let X c C X denote the fixed-point set of C' . The connected 
component of X c containing the unique point z fixed by B~ is the localization 
X s of X in S' . The variety X s is wonderful under the action of L', with 

s p xS , = s 1 ^ n s', 

= {7 e Ex : supp(7) C S"}, 
A xS ' = A(E n S') and Px s ' ^ s ^ ne restriction of px followed by the pro- 
jection S* — » (E x s')*- 
In general, let (S p , E, A) be a spherical system for G. Let S" be a subset of 5 
and E' a subset of E such that supp(E') C S'. The localization of (S* P ,E,A) in 
(S', E') is the spherical system (S' p , E', A') where S' p = 5 P n 5', A' = A(5 n E') 
and p' is the restriction of p followed by the projection S* — > (E')*. 

The variety (X s ' ) s ' = (X s ' ) s ' is a wonderful L'-variety whose spherical system 
is the localization of (S 1 ^-, Ex, Ax) in (S",E'). 

Quotient. Let (5 P ,E, A) be a spherical system, let A be its set of colours. Let V 
be the Q-vector space Q ® H*, and let V be the cone {w G V : (v, 7} < V7 G E}. 
A subset A' C A is said to be distinguished if the intersection of the interior of the 
convex cone generated by the set p(A') with the cone —V is nonempty, namely if 
there exists a linear combination of the elements of p(A') with positive coefficients: 

^=J2 c sp{S), c 5 >0V<5eA', 

such that ((f), 7) > for all 7 G E. Let E(A') denote the maximal subset of spherical 
roots such that there exists a linear combination <f> as above such that (4>, 7) > 
for all 7 G E(A'). The subset A' C A is distinguished if and only if there exists a 
vector subspace V' of V such that the convex cone generated by p(A') and V' PI V 
is equal to V , and V' D V is a face of V. If such a subspace V exists, it is unique 
and it is denoted by V(A'). We have 

y(A')Hp(A')u{ 7 *:7e£(A')}>. 

where {7*} is the dual basis of E. 
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Let (S P ,E,A) be a spherical system and A' a distinguished subset of A. Let 
3/ A' be the subgroup of H defined by: 

^ = tf:(«,0 = otoeV(A')} 

= {£: (p(£),£) = 0V<5e A' and (7*, = V 7 G E(A')}. 

The triple (S*/ A', E/A', A/A') defined as follows is called the quotient triple of 
(SP, E, A) by A' and it is also denoted by (S p , E, A)/A'. 

The set S" p /A' is {a G S p : A(a) c A'} c S" p . 

The set E/A' is the set of the indecomposable elements of the semigroup 
{]Tc 7 7 eS/A':c 7 >0V 7 e£}. 

The set A/A' C A is the union of those A(a) which satisfy A(a) fl A' = 0, 
and the map p/ A 1 : A/ A' — > (H/A/)* is the restriction of p followed by the 
projection H* — > (H/A')*. 

In general, the set E/A' is not always a subset of E. If it is a basis of H/A' then 
the distinguished subset A' is said to have the ^-property of Luna. In this case the 
quotient triple is a spherical system. 

Remark 3.1. It is not clear whether there exist examples of distinguished subsets 
without ^-property. All distinguished subsets considered in the following have the 
*-property. 

Let <I> : X — > X' be a dominant G-morphism between wonderful G- varieties. Set 
A$ = {D e A x : $(£>) = X'}. 

Proposition 3.2 ( L3 ]). Let X be a wonderful G-variety: the application $ 1— > A<i> 
is a bijection between the set of dominant G-morphisms with connected fibers of 
X onto another wonderful G-variety, and the set of distinguished subsets of Ax 
having the ^-property. 

Moreover, for any such $ : X — > X' the spherical system of X' is the quotient 
triple (S X ,Z X ,A X )/A*. 

The distinguished subset A' of A is smooth if the dimension of the space V(A') 
is equal to the dimension of the face V(A') fl V of V. Equivalcntly, if V(A') — 
(7* : 7 G E(A')) and, hence, E/A' = E \ E(A') C E. In particular, if A' is smooth 
then it has the ^-property. 

Proposition 3.3 ( L3 ). Let $: X — > X' be a dominant G-morphism with con- 
nected fibers between wonderful G-varieties. Then $ is smooth if and only if A<j, is 
smooth. 

The distinguished subset A' of A is parabolic if V(A') — V, or equivalently if 
E(A') = E, namely E/A' = 0. In particular, in this case A' is smooth. 

Proposition 3.4 ( [L3| ). Let X be a wonderful G-variety and let S' be a subset of S . 
The map $ i— > A$ is a bijection between the set of the G-morphisms X — > G/Ps* 
and the set of the parabolic distinguished subsets of A x ; the bijection is such that 
S' = SP/A'. 
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Parabolic induction. Let P be a parabolic subgroup of G and let L C P be a Levi 
subgroup. Let Y be a wonderful L-variety. The parabolic induction obtained from 
Y by P is the wonderful G- variety G XpY, where Y is considered as a P- variety 
where the radical P r of P acts trivially and G Xp Y is the algebraic quotient of 
G x Y by the following action of P: p.{g,y) = (g jT 1 ,P-y), for all p e P, g G G, 
.</•■ >• 

On the other hand, a wonderful variety X is obtained by parabolic induction by 
P if and only if P r C H C P, where G/PT is the open G-orbit of X. 

Proposition 3.5 ( L3 ). Let X be a wonderful G -variety and let S' be a subset of 
S. Let Pg, denote the parabolic subset containing P>~ associated to S' . Then X is 
obtained by parabolic induction by Pg, if and only if (supp(E) U S p ) C S'. 

In this case the G-morphism <£>: X — > G/Pg, is unique and A$ is equal to the 
parabolic distinguished subset A(S'). 

A spherical system is cuspidal if supp(E) = S. In particular, a cuspidal spher- 
ical system cannot be obtained by parabolic induction by any proper parabolic 
subgroup. 

Direct and fiber product. A spherical system (S p , E, A) is said to be reducible if 
there exists a partition of S into two subsets Si, S 2 such that: 

Si _L S2, 

V7 e E supp(7) C Si or supp(7) C S 2 , 

V<5 G A(E n Si), p{5) is null on S2, and vice versa. 

In this case (S p , S, A) is the direct product of the spherical systems (S p f) Si, £1, 
A(EnSi)) and (S p n S 2 , S 2 , A(S n S 2 )), where E, = {7 6 E: supp( 7 ) C SJ. For 
this notion of reducibility, the obvious statement of "unique factorization" is true. 

Let (S p , E, A) be a spherical system. Let Ai and A 2 be two distinguished subsets 
of A, obviously A3 = Ai U A 2 is distinguished. The subsets Ai and A 2 decompose 
into fiber product the spherical system (S p , E, A) if: 

(i) Ai ^ 0, A 2 ^ and Ai n A 2 = 0, 

(ii) Ai, A 2 and A 3 have the ^-property, 
(hi) (E\(E/A 1 ))n(E\(E/A 2 ))=0, 

(iv) ((Sp/Ax) \ S p ) 1 ((SVA 2 ) \ S p ), 

(v) Ai or A 2 is smooth. 

Notice that E \ (E/A') = E(A') when A' is smooth. 

Proposition 3.6 ( L3 ). Let (S p , E, A) be a spherical system, let Ai and A 2 be two 

distinguished subsets that decompose (S p , E, A). Let us suppose that, for i = 1,2, 3, 
there exists a wonderful G-variety Xi unique up to G -isomorphism with spherical 
system (S v , E, A)/A^. Then there exists two G-morphisms $1 : X\ — > X3, $ : X2 — > 
such that the fiber product X\ Xx 3 Xi is a wonderful G-variety with spherical 
system (S P ,S,A) and every wonderful G-variety with this spherical system is G- 
isomorphic to X\ Xx 3 Xi- 

Notice that the above operation of factorization is a particular case of this de- 
composition into fiber product. A reducible spherical system, S = Si U S 2 , is 
decomposed by A(Si) and A(S 2 ), and it corresponds to a direct product of two 
wonderful varieties. 
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Projective fibration. Let X and Y be two wonderful G-varieties. A G-morphism 
$ : X — > Y is called a projective fibration if it is smooth, all its fibers are isomorphic 
to a projective space of fixed dimension n and rank(X) = rank(Y) + n. We can 
look at the spherical systems in order to characterize these morphisms $ in terms 
of conditions on A$. 

Let (S p , E, A) be a spherical system. An element 6 of A is projective if (p(6), 7) > 
for all 7 £ S. Notice that this condition is equivalent to (p(S), 7) S {0, 1}, thanks 
to axiom Al. 

Let S £ A be a projective element, let denote the set {aeEflS: (p(^)) a ) = 
1}. The subset {<5} is distinguished and smooth, the quotient triple (S p , E, A)/{<5} 
is a spherical system where: 

SP/{5} = S p , 
E/{<5} = E\S 5 , 

A/W = A(5 \ 6*5), and is the restriction of p followed by the 

projection on (E/{5})*. 

Proposition 3.7. Let G be of type A D. Let (S p , E, A) be a spherical system with 
a projective element S € A. Let us suppose that there exists a wonderful G-variety 
Y unique up to G -isomorphism with spherical system (S p , E, A.)/{5}. Then there 
exists a wonderful G-variety X unique up to G -isomorphism with spherical system 
(S ,p ,E, A) and if X —> Xg denotes the G-morphism such that A$ a = {6} we 
have that Xg is G-isomorphic to Y . 

In |L3| the above proposition is stated only for the type A, but its proof holds 
also in the case of type A D. Indeed, it is enough to notice that the key lemma 
(3.6.2, loc. cit.) is true whenever no spherical root a being also a simple root lies 
in the support of any other spherical root 7 € E. This occurs in type A as well as 
it occurs in type A D, as can be seen from the list of rank two spherical systems. 

3.2. Proof of Theorem 12.91 Reduction. In order to prove that for all spherical 
systems (5 P ,E,A) for G adjoint of type A D there exists a wonderful G-variety 
unique up to a G-isomorphism, it is sufficient to prove that this holds for all spherical 
systems called primitive, that are: 

- cuspidal, 

- without projective elements, 

- indecomposable, and in particular irreducible. 

Indeed, we can proceed by induction on the rank of S and on the rank of E and 
we can use propositions 13 . 5l 13 . 61 and 13 . 71 about parabolic inductions, fiber products 
and projective fibrations. 

The list of primitive spherical systems is contained in Table [3J Such a list can be 
obtained by a combinatorial reduction, that is explained in the next two paragraphs: 
we report some technical definitions and outline the strategy, similar to that of |L3j . 

How to read Tabled For any primitive wonderful G-variety X we report the label 
and the Luna diagram of the spherical system and the homogeneous space G/H = 
Xq. When necessary we describe the subgroup H, as in Tabled by providing its 
connected center C° , the commutator subgroup (L, L) of a Levi subgroup L and the 
Lie algebra of its unipotent radical H u . In some cases, where the component d(rii) 
occurs, we use further special notations: if rij = 2 (with d(2) we denote aa(l, 1)) 
(f>i(A) = tt(A, a) for A G SL(2), tt: SL{2) x SL{2) -> 50(4) isogeny and V t = *I(2); 
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if n t > 2 4>i{A) = j(A) for A e SO(2m - 1), j : S0(2 ni - 1) -> SO (2th) injection 
and V; ^C 2 ™*" 1 . 

Table 3: Primitive wonderful G- varieties with rank at least three for G 
adjoint of type A D, up to isomorphism. 



Diagram, H, (C°, (L,L), Lie(H u )) G 



1. ao(n). SL(n+l) 

o o o 6 

SO(n + 1) ■ Co 



2. ac(n), n > 3 odd. SX(n + 1) 

S*p(n + 1) • G G 



3. aa(p + q + p). SL(2p + q+l) 

I? 



@ er --- "^) 



S(GL(p + g) x GL(p+l)) 



4. aa(p,p). SL(p + 1) x SL(p + 1) 

Localization of aa (p + g + p) in 5 \ i , • • • , ctp+q } • 
>S-t/(p + 1) • Co, with SL(p + 1) embedded diagonally 



5. aa*(p + l + p). SL(2p + 2) 

N G {SL(p+l) x SL(p + l)) 



6. ac*(n),n > 3. SL(n + 1) 

n even: Ng{Sp(ii)). 
n odd: 



MT1 A 

* niki * I Mi + m 2 = o 



for A € Sp(n-l), c € GL(1), Mi,M 2 £ C"" 1 ^ (C"" 1 )*, 



7. ax(l + p + l + q+l). SL(p + q + 4) 

6> <o 61 



? g 9 



/ ciAi 
c 2 A 2 

V 



for Ai € 5L(p + 1), A 2 G SL(2), A 3 G SL(g + 1), 
o c 3 A 3 / ci, C2, C3 G GL(1), C1C2C3 = 1. 



8. ax(l + p + l,l). SL(p + 3) x SL(2) 

Localization of ax(l + p+ l + g+l) in S \ {a P +3, . . . , a P + q + 2 }. 
N G (SL(p+l) x SL(2)), with SL(2) embedded diagonally. 



9. ax(l + p + l). SL(p + 3) 

Localization of ax(l + p + 1 + g + 1) in {ai, . . . , a p + 2 }. 
ci Ai \ 

ru for G SL(p + 1), ci, c 2 G GL(l). 



10. ax(l, 1, 1). SL(2) x SL(2) x SL(2) 

Localization of ax(l +p+ l + q+ 1) in {ai, a p + 2 , a p + q +3}. 

SL(2) ■ G G , with ,SL(2) embedded diagonally. 
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Table 3: Primitive wonderful G- varieties (continuation). 



Diagram, H, (C°, (L, L), Lie(H u )) 



G 



11. ay(p + q + p),p>2. 



SL{2p + q+ 1) 



c<5 <6 <5> 



9_^_ 



~<5 <6 <i <i 



=g_y ; y 



O 



Ci Ai 

o c 2 A 2 o I for Ai € SL(p+q), A 2 G SL(p+l), ci,c 2 € GL(1). 



12. ay(p + q+(p-l)),p>2. 
Localization of ay(p + q + p) in 5 \ {«2p+g}. 
/ * o o \ 

ciAi o for Ai G 5L(p+qf-l), A 2 G SL(p), ci,c 2 G GL(1). 
c 2 A 2 / 



SL(2p + q) 



13. ay(p,p),p>2. 
Localization of ay(p + q + p) in S \ {a P +i , ■ ■ ■ , a p+q }. 



SL(p + 1) x SL{p + 1) 



M 



14. ay(p,(p-l)),p>2. 
Localization of ay(p,p) in S \ {ce p }. 
Ng(SL(p)), with SL(p) embedded diagonally. 



SL(p + l) x SL(p) 



15. ay(n), n > 4 even. 



SX(n + 1) 



<6 <6 6> 6> 6> 6 
9 o o o """ g 9 



° o 1 for A e SL(n/2), c € GL{1), M 1 ,M 2 G (C 
/ M2~| c- 1 'A- 1 / Mi + M 2 = 0. 



n/2N 



16. ay~(p + q + p),p > 2. 



SL(2p + q + 1) 



«5~ 



9_^ 



-gsaar.-i-iaa!®- 



9> 



O 9 



^)> 



/ ci Ai 



Mi 





* 

c 2 A 2 

M 2 * 1 cs'A- 1 ) 



for Ai G SL(p), A 2 G SL(g), ci,c 2 ,c 3 G GL{\), 
c 2 1 p+1 c 2 2 q cl p+1 = 1, Mi, M 2 G (C p )*, Mi +M 2 = 0. 



17. ay*(2 + q + 2). 



SL(g + 5) 



O 



O 



ci 
c 2 Ai 

Mi 







o for Ai G SL(g + l), A 2 G SL(2), ci,c 2 ,c 3 G GL(1), 



M 2 



o C ^A 2 o C 9 C 3 = 1; Ml ,M 2 G C 2 = (C 2 )*, Mi +M 2 = 0. 
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Diagram, H, (C°, (L, L), Lie(H u )) 



G 



18. az~(3 + q + 3). 



SL(q + 7) 



> O <o 



o 



o 



O 



o 



MT\_C2_Ai 



M 2 






-12 
-1 c 2 








c 3 A 2 



\ 








M 3 



~ 2 4At 



Ma 



for A l G SL{2), A 2 G SL(q), 
ci,c 2 ,c 3 G GL(l), clc| = c\, 
Mi,M 2 ,M 3 ,M4 £ C 2 = (C 2 )*, Mi + 
M 2 + M 3 + M 4 = 0. 



19. az~(3 + q + 2). SL(g + 6) 
Localization of az~(3 + q + 3) in S \ {a 9+ 6}- 

/ * \ 

■ ' for G SX(2), A 2 € SL(q), c u c 2 ,c 3 G 

GUI), ctcl = c\, Mi, M 2 , M 3 G C 2 ^ (C 2 )*, 

Mi + M 2 + M 3 = 0. 














Ml 


Cl 










M 2 


C2 












c 3 A 2 






M 3 


* 



20. az(3,3). - - --- - SX(4) x SL(4) 

Localization of az" (3 + g + 3) in {cei, ct 2 , a 3 , a 9 + 4 , a.q+5, e* 9 +6}- 

for A € 5L(2), c G GL(1), 
Mi,M 2 ,M 3 ,M 4 G C 2 ^ (C 2 )*, 
Mi + M 2 + M 3 + M 4 = 0. 



c 
-J¥T \ A 

* M2 





A 
Ma 



21. az(3, 2). 

Localization of az(3, 3) in 5 \ {a 3 }. 

\ , , 

cA J 



~MT 



M, 



M 3 



SL{4) x SL(3) 

for A G SX(2), c G GL(1), Mi,M 2 ,M 3 G 
C 2 (C 2 )*, Mi + M 2 + M 3 = 0. 



22. az(3, 1). 

Localization of az(3, 3) in 5 1 \ {ai, a 3 }. 



T7T 




A 



M 2 



for A G SL(2), c G GL(1), Mi,M 2 G C 2 
Mi + M 2 = 0. 



SL(4) x SL(2) 
^ (C 2 )*, 



23. ae 6 (6). 



/ pi 
' Mi I c 2 i 

* M 2 



SL(7) 



o 



o o 



o 



M 3 







c^ 2 c| A 

Ml I * / 



for A G SL(2), ci,c 2 G GL(1), c\ = c 2 °, Mi,M 2 , 
M 3 ,M 4 G C 2 = (C 2 )*, Mi+M 2 +M 3 +M 4 = 0. 



24. ae 6 (5). SX(6) 
Localization of ae 6 (6) in 5* \ {ae}- 
/ c~ 5 \ 

for A G 5L(2), c G GL(1), Mi,M 2 ,M 3 £ C 2 = (C 2 )*, 
Mi + M 2 + M 3 = 0. 



V 



Mi I c~ 2 A 
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Table 3: Primitive wonderful G- varieties (continuation). 



Diagram, H, (C°, (L, L), Lie(H u )) 



G 



25. ae 7 (7). 









o 


c 3 











Mi 


cA 








* 


M 2 


c-^A- 1 





* 


* 


M 3 | 


c- 3 



( j)> 6> 6~<6> d) <6 « 

? 9 o ? 9 



SL(8) 



_5 

o 



for A € SX(3), c G GL(1), M U M 3 G <C 3 , 
M 2 = M' 2 + G (Sym 2 C 3 )* © (A 2 C 3 )*, 
/ C 3 ^ (A 2 C 3 )*, Mi + M2 + M 3 = 0. 



26. ae 7 (6). 

Localization of ae7(7) in S \ {cer}. 

lklc?A ) for Ae SL(3), Cl ,c 2 £ GL(l), cl4 = 1, M! €C 3 , M 2 
* MTI C2 'a- 1 ) M 2 + M 2 ' G (Sym 2 C 3 )* ffi (A 2 C 3 )*, M 1 + M 2 ' = 0. 



SL(7) 



27. ae 7 (5). SL{6) 

Localization of aer(7) in 5* \ {ai, 017}. 
/ ci \ for A G SL(3), c € GL(1), M = M' + M" G (Sym 2 C 3 )* ( 
IfMl c' 1 ^- 1 J (A 2 C 3 )*, M" = 0. 



28. af(5). 



6> 6><(|) <6 6 " 

c p o 9 o 9 



SL(6) 



c Ai 
Mi I A 2 
* M 2 I c -1 Ai 



for Ai, A 2 G SL(2), c G GL(1), Mi,M 2 G C 2 ® (C 2 )* 
(C 2 )* <g>C 2 , Mi +M 2 = 0. 



29. af(4). SL(5) 
Localization of o/(5) in S \ {as}. 
' ci \ 

for A G SL(2), ci,c 2 G Gi(l), M\,Mi 6C 2 ~ (C 2 )*, 
Mi + Af 2 = 0. 



Mi 



c 2 A 



M 2 I c" 1 ^ / 



30. do(p + q), q > 3. 



SO(2p + 2g) 



O O 

S(0(p+1) xO(2q + p-l)) 



o o 




31. do(p + 2) 



S(Q(p+l) xO(p + 3)) 



50(2p + 4) 



OO o o 



32. do(n). 



N G (SO(n) x gg(n)) 



SO(2n) 



o o o a 



O 
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Diagram, H, (C°, (L, L), Lie(H u )) 



G 



33. dc(n), n even. 



GL{n) 



O 



SO(2n) 



34. dc'(n), n even. 



N G (GL(n)) 



O 



SO(2n) 



35. dc(n), n odd. 



GL(n) 



-®- 



-® ©- 



SO(2n) 



36. dd(p,p),p > 4. 



© © © 



© © © 



SO(2p) ■ Cg, with SO(2p) embedded diagonally. 



SO(2p) x SO(2p) 



37. ds*(4). 



G*2 ■ CgQ(8) 




SO(8) 



38. dc*(n) 




n odd: 



cA 



10 | 1 
— M 01 * 



SO(2n) 



for A G Sp(n — 1), c € GL(1), M G (C™" 1 )* 



n even: 

/ c 2 \ 



Mi | cA 

* M 2 | 1 

* M 3 0~ | * 

* * * * I * 

* * * * I * / 



for ^ G 5p(n — 2), c G GL(1), Mi,M 2 ,M 3 G C n ~ 2 ^ 
(C n - 2 )*, Mi +M 2 + M 3 = 0. 
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Table 3: Primitive wonderful G- varieties (continuation). 



Diagram, H, (G°, (L, L), Lie(H u )) 



G 



39. dy(p,p),p>4. 



SO{2p) x SO{2p) 



o <o 





<Q <Q 
~Q $ 




c A 
Mi | 1 
M 2 (Tl * 




c A 
M 3 | 1 
Mi 0~| * 




for A G SL{p - 1), c € GL(1), 
M U M 2 ,M 3 ,M 4 G (C p - r r, 
Mi + M 2 + M 3 + M 4 = 0. 



40. dy(p,(p-l)),p>4. 
Localization of dy(p,p) in 



c p A 



cA 
Mi 



S\{a p }. 

\ \ 




5L(p) x 50(2p) 



for A € 5L(p - 1), c G GL(1), 
Mi,M 2 ,M 3 G (C"- 1 )*, M1+M2+M3 = 0. 



41. dy(p,(p-2)),p>4. 
Localization of dy(p,p) in 
/ / c A 



V 




All I 1 
M 2 01 * 



S\ {a p -i,a p } 



(SL(p-l) x SO(2p)) 



for A G SL(p - 1), c G GL(1), 
Mi,M 2 G (C p_1 )*, Mj + M 2 = 0. 



42. dy(7). 



50(14) 



•> OXO <l 



o o 





for A G SX(3), c G GL(1), M 1 ,M 2 ,M 3 G (C 3 )* ^ 
A 2 C 3 , Mi + M 2 + M 3 =0. 



43. dz(4,4). 



SO(8) x SO(8) 




for A G SX(2), c G 
GL(1), Mi,..., M 6 G 
C 2 £S (C 2 )*,Mi + ...+ 
M 6 = 0. 



WONDERFUL VARIETIES OF TYPE D 
Table 3: Primitive wonderful G- varieties (continuation). 



19 



Diagram, H, (C°, (L, L), Lie(H u )) 



G 



44. dz(4,3). 

Localization of dz(4, 4) in S \ {04}. 



I 



\ 




A 



M 2 




SL(4) x SO{8) 



for A € SL(2), c G GL(1), 
Mi,..., M 5 g C 2 ^ (C 2 )*, 
Mi + . . . + M 5 = 0. 



45. dz(4,2). 

Localization of dz(4, 4) in 5 \ {03, 04}. 



SX(3) x SO(8) 



V 



Aii I cA 




for A G 51,(2), c G GL(1), 
Mi,..., M4. G C 2 ~ (C 2 )*, 
Mi + . . . + M 4 = 0. 



46. dz(4, 1). 

Localization of dz(4, 4) in 5 \ {ai, 03, 04}. 

/ / c 2 \ \ 
Mi I cA 
10 



* * * * I * / 



(A), 



\ 




SL(2) x 50(8) 



for A G SL{2), c G GX(1), Mi,M 2 ,M 3 £ C 2 = 
(C 2 )*, Mi +M 2 + M 3 = 0. 



47. de 6 (7). 



50(14) 



d)> O <J 0> A 



O 



o o 





for A G 5L(2), c G GL(1), 
Mi,..., M 5 G C 2 ~ (C 2 )*, 
Mi H h Ms = 0. 



48. de 6 (6). 

Localization of de@(7) in 5 \ {qi}. 



50(12) 




for A G 5L(2), c G GL(1), M 1; ...,M 4 G 



C 2 



(C 2 )*, Mi + --- + M 4 = 0. 
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Table 3: Primitive wonderful G- varieties (continuation). 



Diagram, H, (C°, (L, L), Lie(H u )) 



G 



49. de 7 (8). 



50(16) 











10 







* 



c g GX(i), 

Mi,M 3 ,M 4 G C 3 , M 2 = Ma + 
M% G (A 2 C 3 )* © (Sym 2 C 3 )*, C 3 ^ 
(A 2 C 3 )*, Mi + M' 2 + Ms + Mi = 0. 



50. de 7 (7). 

Localization of der(8) in 5 \ {ai}. 
I c 2 A o ooo 

c'A- 1 
~Ml I 1 

in * o 



50(14) 




for A G SL(3), c € GL(1), M 2 , M 3 G C 
M 1 = M' L + M'{ G (A 2 C 3 )* (Sym 2 C 3 ) 
3 ^ (/\ 2 c 3 )*, M[ + M 2 + M 3 = 0. 



51. de 8 (8). 



50(16) 



O 



c5> ()><(!)>< » 



O 



O O 





cA 



M 2 








\ 







for A G 
M^+MZ 
C 4 , Mi 4 



5L(4) 
G C 6 

■Mi': 



c G 

4\ 



GUI), Mi G C 4 , 

* = (A 2 c 4 )®(c 4 )* 



M 2 = 
^ V® 

(tt: 5L(4) 50(6) isogeny, 



* / V Cartan product of (A 2 C 4 ) and (C 4 )*). 



50(14) 



52. de 8 (7). 

Localization of deg(8) in 5 \ {qi}. 

for A G 5L(4), c G GL(1), M = M' + M" G C 6 <g> (C 4 )* ^ 
(A 2 C 4 ) <g> (C 4 )* ^ V ®C 4 , M" = (tt: 5L(4) -> 50(6) 



cA 



M 





t(A)- 



isogeny, V Cartan product of (A C ) and (C 



53. aa(l) +ds(n). 



50(2n + 2) 



o> 




CI 







c 2 A 



o> 



for A G SL(n), ci,c 2 € GL(1). 



54. aa(l) +ds*(4). 



5Q(2) x 5pm(7) 



5O(10) 



o> 



o> 
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Diagram, H, (G°, (L, L), Lie(H u )) 



G 



55. ac*(n) +aa(l),n > 3. 



SO(2n + 2) 




Cl 











~0~~ | c 2 A 

* o I * 

o * on * 



for A G SL{n), ci,c 2 € GL(1). 



56. 2 comb + ac*(3). 



SO(W) 



-Q 

P 



o 




/ 























* 


ci 
















Mi 




















* 




M 2 












V 

















J 











* 


* 



for A G SL(3), a,c 2 G GL(l), M U M 2 £ C 3 ~ 
(A 2 C 3 )*, Mi +M 2 =0. 



57. ac*(ni) + d(n 2 ), n x > 3, n 2 > 2. 



S'0(2ni +2n 2 ) 




ni even: 



ni odd: 



c f i » \ for Ai e Sp(m), c G GL(1), M = M' + M" e 
™ 1 H ^ 2) i ° J C 2 ™ 2 ®(C ni )* = (V^® (C ni )*)®(C ni )*, M" = 0. 

o o ^ for Ai G Sp(m — 1), c € GL(1), Mi G 
C" 1_1 , M 2 = M 2 + M^' G C 2 ™ 2 ® 
( C m-i)* (^^(C" 1 - 1 )*)®^ 1 - 1 , Ml + 
y M 2 ' = 0. 



/ c 2 
I Mi I cA 





* M 2 I 0(A 2 ) 





~~* I * 



58. ay(p + q + p) + d(n),p,n > 2. 



S'0(4p + 2q + 4) 



o 




( ci Ai 

c 2 A 2 

1 <A(A 3 ) 

* 



M 
* 




* / 



for Ai G ^(p + g), A 2 G SX(p), ci,c 2 G GL(1), 
M = M' + M" G C 2n ®(C p+9 )* ^ (V®{C p+q )*)® 
(CP+«)*, M" = 0. 



59. ay(p, p) +d(ni) + d(n 2 ), p, ni , n 2 > 2. 



S'0(2p + 2m) x SO(2p + 2n 2 ) 



O 




o 




/ cAi 

V' 







c Ai 





fe(A 3 ) 



for Ai G SL(p), c G GL(1), Mi = M{ + M'{ G C 2 " 1 ® (C p )* ^ (Vi ® (C p )*) ® (C p )*, 
M 2 = + M'{ G C 2 " 2 <8 (C p )* £S (V2 ® (C p )*) ® (C p )*, M x ' + M 2 ' = 0. 
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Diagram, H, (C°, (L, L), Lie(H u )) 



G 



60. ay(p,p) +d(n), p,n > 2. SL(p + 1) x SO(2p + 2n) 

Localization of ay(p + q + p) + d(n) in S \ {a p +i, . . . , a p+ni }. 

c*A, o \ \ for Ai G SL(p), c G GL(1), Mi G (C p )*, 



cAi 



M 1 





0(A 2 



M 2 = M 2 + Ma G 
(C p )*) ffi (O 3 )*, Mi +M% = 0. 



61. ay(p,(p-l)) + d(n),p,n>2. 
Localization of ay(p,p) + d(n) in S \ {a p }. 

(r^HA) o )) fo 2 r Ai e SL ^ c e GL W- M 

^ * * J J C ® (C p )* = (V ® (C p )*) ffi (C p )*, M = 0. 



(^i) 



5L(p) x SO(2p + 2n) 



M' + M" G 



62. ay(p + q+(p-l)) + d(n),p,n>2. 



SO{4p + 2q + 2n-2) 



O 



O 




f ciAi 
c 2 A 2 
10 * 



\ 



1 0(A 3 ) 

— ' * 

* / 



for Ai G SL{p),A 2 G 5L(p+g-l),ci,c 2 G GL(1), 

M = M' + M" G C 2n <8> (C p )* ^ (V ffi (C p )*) ffi 
(C p )*, M" = 0. 



63. dy(p + q+(p-l)),p>3. 



SO(4p + 2q-2) 



O 



? * 




\ 
c 2 A 2 
1 
~0~\ 1 





for A! G SL(p + q), A 2 G SL{p), ci,c 2 G GL(1), 
Mi,M 2 G (C p+9 )*, Mi +M 2 = 0. 



64. dy(p, (p - 1)) + d(n), p > 4, n > 2. 



S'0(2p)xS'0(2p+2n-2) 




for Ai G SL{p), c G GL(1), Mi,M 2 G 
(<C P )*\ M 3 = M3+M3' G C 2n <g>(C p )* ^ 
(T/®(C p )*)ffi(C p )*, Mi+M 2 +M^' = 0. 
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Diagram, H, (C°, (L, L), Lie(H u )) 



G 



65. dy'(p + q+(p-2)),p>4. 



SO(4p + 2q-4) 



6 



O 



^6 



' o 




for Ai G SL{p), A 2 G SL( P + q-l), Cl ,c 2 G GX(1), 
Mi, M 2 € (C p )*, Mi + M 2 = 0. 



66. ay*(2 + q + 2) +d(n),n > 2 



SO(4p + 2g + 4) 



Mi 





ci Ai 




O 
o 



C2 A 2 



o 




M 2 







0(^3; 



for A 1 G SL(q + l), A 2 G SL{2), c u c 2 G 
GL(1), Mi £ C 2 , M 2 = M^+M^ £ C 2n ® 

(c 2 )* ^ <y®(c 2 )*)e(c 2 ), Mi+m 2 ' = 0. 



67. dy*(3 + q + 3). 



SO(2g + 12) 




Mi 





ci Ai 







c 2 A 2 



M 2 









* 

* 



68. dy*(3 + q + 2) 



\ 








n * I 



for Ai G SL(g + 2), A 2 G SL(3), Ci,c 2 G GL(1), 
Mi,M 2 G C 3 ^ (A 2 C 3 )*, Mi +M 2 = 0. 



50(2,7 + 10) 



Localization of dy*(3 + q + 3) in 5* \ {ai}. 

for Ai G SL{q + 2), A 2 G SX(3), ci,c 2 G GL(1). 



ci Ai 














c 2 A 2 

























* 
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Table 3: Primitive wonderful G- varieties (continuation). 



Diagram, H, (G°, (L, L), Lie(H u )) 



G 



69. dy~(4 + q + 3). 



SO(2q + 10) 



o <o <o> <o 



in 




Mi 





ci A 2 








c% 

M 2 | ca'A' 1 

* M-i I * 



\ 
' 
















for Ai € SX(3), A 2 G SL( 9 ), 
ci,c 2 € GL(1), Mi,M 2 ,M 3 € 

(c 3 )* a 2 c 3 , M1+M2+M3 = 0. 



70. ay(2, 2) + 2-comb. 



50(12) 





ci Ai 







c 2 A 2 










M 2 





* 



for Ai € SX(3), A 2 G 5L(2), ci,c 2 G GL(1), 

Mi,m 2 e c 3 (A 2 c 3 )*, Mi + M 2 = 0. 



71. ay(2, 1) + 2-comb. 

Localization of ay(2, 2) + 2— comb in S \ {ai}. 
I ci Ai \ 



5O(10) 



C2 A 2 



for Ai G SX(3), A 2 G SX(2), ci,c 2 G GL(1). 



72. az(3,3) +d(m) +d(n 2 ), m,n 2 > 2. 



SO(2ni + 6) x S , 0(2n 2 + 6) 



O 



O 




o 



o 




Z / c 

Mi I cAi 
* M 2 I 0i(A 2 



\ 





* 







/ 



M 3 



\ \ 

cAi 

M 4 I (A 3 ) 

* * I * 

* * * I * / / 



for Ai G SX(2), c G GL(1), Mi,M 3 G C 2 , M 2 = M 2 + M 2 G C 2 ™ 1 <g> (C 2 )* ^ (Vi ^ 
(C 2 )*)0C 2 , M 4 = M4+M4 G C 2n2 ®(C 2 )* ^ (F 2 ig)(C 2 )*)©C 2 , Mi+M 2 '+M 3 +Mi' = 
0. 



73. az(3,2) + d(ni) +d(n 2 ), m,n 2 > 2. 
Localization of az(3, 3) + d(m) + d(ra 2 ) in S \ {a'i}. 
/ / c2 \ 



SO(2ni + 6) x SO(2n 2 + 4) 



Mi I cAi 

* M 2 I 0i(A 2 ) 

* * * * 



/ cAi 

V 



(A 3 ) 



for Ai G SL(2), cG GL(1), M 1 G C 2 , M 2 = M^+M^' G C 2ni ®(C 2 )* ^ (Vi®(C 2 )*)ffi 
C 2 , M 3 = M! A + M 3 G C 2 " 2 <g> (C 2 )* (V 2 <g> (C 2 )*) C 2 , Mi + M 2 ' + M 3 = 0. 
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Diagram, H, (C°, (L, L), Lie(H u )) 



G 



74. az(3,3) + d(n),n>2. 
Localization of az(3, 3) + d(ni) 



+ d(n 2 ) in S \ {a 4 , . . ., a ni+3 }- 



SL{4) x SO(2n + 6) 



Mi 








A/ 2 



TT7 










0(A 2 ) 



w 



for A l G SL(2), c € GL{1). 
M 3 G C 2 ^ (C 2 )*. 
Ml + Mi' G 



75. az(3,2) + 1 d(n), n > 2. 

Localization of o«(3, 3) + d(n) in S 1 \ {ai}. 
/ ^ c 6 o o 

c Ai 



Mi,M 2; 
Mi = 

(C 2 )* ^ (V"® (C 2 )*) © (C 2 )* : 
Mi + M 2 + M 3 + Mi' = 0. 



SX(3) x SO(2n + 6) 



Mi 



)• 



V 



M 2 



"HI 





4>(A 2 ) 



76. az(3,2) +^ d(n), n > 2. 

Localization of <Z2(3, 3) + d(n) in 5* \ {ai}. 



for Ai € 5L(2), c € 
Mi,M 2 € C 2 ^ (C 2 )* 
M3 + M3 G C 2n <g> (C 2 )* 

(c 2 )*)e(c 2 



GL(1), 
M z = 
= (V® 
Mi+M 2 +M^' = 0. 









Ai 



M 2 



c Ai 





0(A 2 ) 



SL(4) x SO(2n + 4) 



forAi € SL{2),c€GL{l),M 1 ,M 2 G 
C 2 (C 2 )*, M 3 = M3 + M3 G C 2n ® 
(C 2 )* (V®(C 2 )*)©C 2 , Mj+M 2 + 
M3 = 0. 



77. az(3, 1) + d(n), n > 2. 

Localization of az(3, 3) + d(n) in S \ {ct\, 03} 
/ / e 2 \ \ 
■ ~ — 00 

0(A 2 ) 
* I * 



SL{2) x SO{2n + 6) 



(Ai), 



cAi 







for Ai G SL(2), c G GL(1), Mi G 



yy 



M' 2 + M' 2 ' G 
Mi + M 2 ' = 



M 2 = 
2 



»(C 2 )* Si (V®(C 2 )*)©C 



78. az~(3 + q + 3) + d(n), n > 2 
6> 6~T6~ 



SO(2g + 2n + 12) 



O 



o 



O 




MT | c^Ai 



M 2 







ci A 2 



M 3 








c 2 Ai 
— M7~ 









0(A 3 ) 



\ for Ai G SL(2), A 2 G 
" SL(q), ci,c 2 G GL(1), 
Mi,M 2 ,M 3 G C 2 = 
(C 2 )*, M 4 = Mi + 
Ml' G C 2n ® (C 2 )* ^ 
(V ® (C 2 )*) ® (C 2 )*, 
Mi + M 2 + M 3 +Mi' = 

y 0. 



79. az~(3 + q + 2) +d(n),n > 2. 

Localization of az~(3 + g + 3) + d(n) in S \ {ai}. 





c| A 1 







Mi 


4 























* 


* 






* 









V 











ci A 2 

* I c 2 A 



\ 









Ml I <j>{A 3 ) 






* 



] * y 



SO(2q + 2n + 10) 



for Ai G SL{2), A 2 G SL(q), 
ci,c 2 G GL(1), Mi,M 2 G C 2 = 
(C 2 )*, M 3 = Mi + Mi' G C 2n ® 
(C 2 )* (V®(C 2 )*)©C 2 , Mi + 
M 2 + M3 = 0. 
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Table 3: Primitive wonderful G- varieties (continuation). 



Diagram, H, (C°, (L, L), Lie(H u )) 



G 



80. dz(4,3) + d(n), n > 2. 



SO{8) x SO{2n + 6) 



/ / c 2 

Mi | cAi 

M 2 | 1 

M x 01 1 





for ^li € SL{2), c € GL(1), M 1 ,M 2 ,M 3 ,M i £ 



* g (T/ ® (C 2 )*) (C 2 )*, Mi + M 2 + M 3 + M 4 + M5' = 0. 



)*, M 5 = M5 + M5 e 



81. dz(4,2) + d(n), n > 2. 

Localization of dz(4, 3) + d(n) in S \ {ot'i}- 




c A% 



~MT 1 HA2) 



S*0(8) x SO(2n + 4) 

\ for Ai e SL(2), c € GL(1), 
M ly M 2 ,M 3 G C 2 = (C 2 )*, 
M 4 = Ml + Mi' e C 2n <g> 

(<c 2 )* = (v®(c 2 )*)e(c 2 )*, 

/ Mi + M 2 + M a + M5 = 0. 



82. dz~(4 + q + 3). 



S'0(2g + 14) 




for Ai € SL(2), A 2 £ 
SX( 9 ), ci,c 2 £ GL(1), 
Mi,M2,M 3 ,M4,M 5 e 
C 2 ~ (C 2 )*, M1+M2 + 
M 3 + M 4 + M 5 = 0. 



83. dz~(4 + q + 2). 

Localization of c(z~(4 + g + 3) in S \ 



\ 




SO(2q + 12) 



SL(2), A 2 
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Diagram, H, (G°, (L, L), Lie(H u )) 



G 



84. dz(3 + q + 2). 



SO{2q + 10) 





for Ai £ SL{q + l), A 2 £ SL(2), ci,c 2 £ 
GL(1), Mi,M 2 ,M 3 £ C 2 ^ (C 2 )*, Mi + 
M 2 + M 3 = 0. 



85. dz(3 + q+l). 

Localization of dz(3 + g + 2) in S* \ {ai}. 
I c l A 1 0000^ 



SO(2g + 8) 



o 

C 2 A 




for Aj_ 6 SL(g+ 1), A 2 £ SX(2), Ci,c 2 £ GL(1), 
Mi,M 2 £ (C 2 )*, Mi +M 2 = 0. 



az(3, 2) + 2-comb. 



SO(U) 




for A € 5L(2), ci,c 2 £ GL(1), 



Mi,M 2 ,M 4 



(C 2 )*, 



M 3 ,M 5 e C (A C 2 )*, Mi + 
M 2 + M 4 = 0, M 3 + M 5 = 0. 



87. ae 6 (6) +d(n),n > 2. 

5> 6 <c^6> i <6 



SO(2n + 12) 





for Ai £ SX(2), c £ GL(1), 
Mi,M 2 ,M 3 £ C 2 = (C 2 )*, 
M 4 = M 4 + M 4 ' £ C 2n ®(C 2 )* ^ 
(V® (C 2 )*)0(C 2 )*, Mi+M 2 + 
M 3 + M'l = 0. 
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Table 3: Primitive wonderful G- varieties (continuation). 



Diagram, H, (C°, (L, L), Lie(H u )) 



G 



88. ae 6 (5) +d(n),n > 2. 
Localization of aee(6) in S \ {ai}. 



Mi 




c 2 
"Mi" 





cAi 



o 







\ 
o 








SO(2n + 10) 

for Ai G SL(2), c € GUI), M 1 ,M 2 G 
C 2 ^ (C 2 )*, M 3 = M3 + M3 G C 2n ® 
(C 2 )* ^ (V <8> (C 2 )*) (C 2 )*, Mi + M 2 + 
M3 = 0. 



89. ae 7 (7) +d(n),n > 2. 

d)> 6> 5 _ <( 1 )> (!) <i <& 



SO(2n + 14) 



O 



? 9 ? 9 



o 




Mi~ | c 2 Ai 
M 2 



^ 



■U' 1 

~M3 I 4>(A 2 ) 




for Ai G SL(3), c € GL(1), M 1 G 
C 3 , M 2 = Mi + Mi' G (Sym 2 C 3 )* 



(A 2 c 3 ) 

Mi' G 
Mi + Ma' + M3 = 0. 



C 3 , M3 = M 3 + 

(v ® c 3 ) e c 3 , 



90. ae 7 (6) +d(n),n > 2 
Localization of ae7(7) in 
/ c 2 Ai 





Mi 



Ah 



S\{ 






ai}. 
\ 



SO(2n + 12) 



for A! G SX(3), c G GX(1), Mi 

(Sym 2 c 3 )*e(/\ 2 c 3 )*, (A 2 c 3 )* 

Mi' G C 2n ® C 3 ^ (V ® C 3 ) ffi C 3 , M" + Mi' = 0. 



= M{ + M{' G 
Z 3 ,M 2 = Mi + 



91. 3— comb + aa(q). 



SO(2g + 6) 



O 




D 
O 




for AG 5L(g+l),ci,C2 G GL(1),M U M 2 G (C 9+1 )*, 
Mi + M 2 = 0. 



92. 3 comb + 2 comb. 



5O(10) 




for A G SL(2), ci,c 2 G GL(1), Mi,M 2 ,M 3 G 
"" - (C 2 )*, Mi +M 2 + M 3 = 0. 
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Diagram, H, (C°, (L, L), Lie{H u )) 



G 



93. ax(l + p + 1) + d(n), n > 2 

5^ 



SO(2p + 2n + 4) 



O 



5) 



O 










C2 



\ 




~B *~ | cj>(A 2 ) 
* I * 

* J 



for A 1 £ SL(p + 1), 01,02 e GL(1), M = M' + M" G 
C 2n ® (C p+1 )* ^ (V ® (C p+1 )*) © (C p+1 )*, M" = 0. 



94. af(4) +d(n), n > 2. 



6> 6><6 <6 

o o o o 



5*0(27-1 + 8) 




/ c( o 
a A! 



Mi 







\ 



c 2 

^r~ | <t>(A 2 ) ooo 

* 
* 

* * I * / 







for Ai e SL(2), ci,d e GL(l), Ah e C 2 , 
Mi = M'i + Ma € C 2n <g> (C 2 )* ~ (V ® 
(C 2 )*)©C 2 , Afi + A^' = 0. 



Remark 3.8. Some primitive spherical systems reported in Table [3] are associated 
to the wonderful embedding of symmetric varieties (sec 14.11) . In Table 0] we report 
the corresponding Satake diagrams. 



Table 4: Symmetric cases. 



Spherical system, G, H 


Satake diagram 


ao(n), G = SL(n+l), 
H = SO{n + 1) • C G 


O O O O 



ac(n), G = SL(n + l), 
H = Sp(n + 1) • Co 



aa(p + q + p), q > 2, 

G = SL(2p + q+l), 

H = S(GL{p + q)x GL(p + 1)) 




aa(p,p), 

G = SL(p+l) x SL(p+l), 
H — SL(p + 1) ■ Cg 



aa(p + l + p), G = SL(2p + 2), 
H = N G (SL(p + 1) x SL(p + 1)) 
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do(p + q), G = SO(2p + 2q), 
H = S(0(p+l) xO(2q+p-l)) 




do(p + 2), G = SO(2n), 
H = S(0(n-l) xO(n + l)) 


. _/ 

O 


i 


do(n), G = SO{2n), 

H = N G (SO(n) x SO(n)) 


< 


dc(n), n odd, G = SO(2n), 
H = GL(n) 




<) 


dc'(n), n even, G = SO(2n), 
H = N G (GL(n) 




' ' ' \ 


dd(p,p), G = SO{2p) x SO(2p), 
H = SO(2p) ■ C G 


— Y\ 

( D 





Strong IS.- connectedness. Let E, A) be a spherical system and let A be its set 
of colours. Two spherical roots 71,72 € S are said to be strongly /^.-adjacent 
if for all 8 e A({7i}) we have (p(S),j2) ^ and, vice versa, for all <5 € A({7 2 }) we 
have (p((5),7i) ^ 0. 

See Column 2 of Tableland notice that, in type A D, two spherical roots with 
overlapping supports are strongly A-adjacent. 

Let S' be a subset of E. The localization (5 P n supp(E'), E', A(5 n E')) of 
(^jE, A) in E' is said to be strongly A-connected if for every couple of spherical 
roots 71, 72 € E' there exists a finite sequence of spherical roots in E', one strongly 
A-adjacent to the next one, starting with 71 and ending with 72. If E' C E is 
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maximal with this property we say that (S p fl supp(E'), E', A(S* fl E')) is a strongly 
A-connected component 2 of (5^, E, A). 

Let (S P ,"E,A) be a spherical system. Let E' be a subset of spherical roots. 
Let A(E') denote the subset of colours 6 e A(supp(E')) such that (p(S),j) = 
for all 7 S E \ E'. We say that the localization (S p D supp(E'), E', A(S D E')) of 
(S P ,T,,A) is erasable 3 if there exists a nonempty smooth distinguished subset of 
colours A' included in A(E'). Notice that such a subset is smooth and distinguished 
with respect to the spherical system (5 P ,E,A) if and only if it is smooth and 
distinguished with respect to the localization (S p f) supp(E'), E', A(S D E')). 

Weakening this requirement, we say that the localization (S p fl supp(E'), E', 
A(S (~l E')) is quasi-erasable if there exists a nonempty distinguished subset of 
colours A' included in A(E') and satisfying the ^-property. 

Lemma 3.9. Let (S P ,T,,A) be a spherical system. Let Ei and E2 be two disjoint 
subsets ofT, giving two quasi- erasable localizations such that at least one of them is 
erasable. Then the corresponding subsets A[ C A(Ei) and A 2 C A(E 2 ) decompose 
the spherical system (5 P ,E,A). 

Proof. By definition, the subsets A[ and A 2 are distinguished. 

(i) They are different from the empty set as required and no colour can be in 
the intersection of A(Ei) and A(E 2 ) thanks to lemma 12^0 

(ii) The subsets A' : and A' 2 satisfy the ^-property. Their union also satisfies 
the *-property since 



(iii) The subsets Y>i and E 2 are disjoint. 

(iv) Let us suppose that a 6 supp(Ei) and (3 € supp(E 2 ) with a nonorthogonal 
to (3: analyzing all the cases for a, (3 of type a,a',b,p we get that neither 
A(a) can be included in A(Ei) nor A(f3) can be included in A(E 2 ). 

(v) By the hypothesis, A^ or A 2 is smooth. 



A localization (S p f) supp(E'), E', A(S fl E')) of a strongly A-connected compo- 
nent is said to be isolated if the partition supp(E') U (supp(E) \ supp(E')) gives a 
factorization of the localization in supp(E) of the spherical system (S p , E, A). An 
isolated localization is a fortiori erasable. 

Reduction. The aim of this paragraph is to list all primitive spherical systems up 
to an automorphism of the Dynkin diagram of G. 

The list of the primitive spherical systems of type A can be taken from |[L3| and 
it is included in Table |3| we have added two further cases which were missing in 



a;ua 2 




and 




□ 



2 There exists a weaker property called A -connectedness also introduced by Luna in |L3I . but 
its generalization to type A D doesn't seem to be as useful as in type A. 
■^Tliis requirement is slightly weaker than that found in 1 1 .31 . 
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The first step to obtain the complete list in type A D consists in finding all 
the cuspidal strongly A-connected spherical systems. One can proceed by taking 
a spherical root, attaching to it any other spherical root to obtain a strongly A- 
connected pair and going on recursively by attaching a new spherical root anywhere 
it is possible. 

We obtain the following, where the labels are those of Table EH Starting from 
a spherical root of type d m : ac(n) n > 3 odd, d(n) n > 4 with only one spherical 
root of type d n (ac(3) will be denoted also by d(3)), do(p + q) q > 3, dc{n) n even, 
dc'(n) n even, dc(n) n odd, dc*(n) (the case D\(i) of Tabled- Starting from a root 
of type a\ x a\ without roots of type d m : aa(p + q + p), aa(p,p), aa*(p + 1 +£>), 
do(p + 2), dd(p,p) p > 4. Starting from a root of type a[ without roots of type d m 
and a\ Xa\: ao(n), do(n). Starting from a root of type a m , m > 2, with only roots 
of type a m : aa(n) n > 2 with only one spherical root of type a q , ac*{n) n > 3, 
dc*(n), ds(n), ds*(4). 

Now we must find all cuspidal strongly A-connected spherical systems with £ 
containing only spherical roots of type a±. In this case we have S p = and £ = S. 

Lemma 3.10. If such a spherical system has a projective element 5, then (p{5), a) — 
1 for all a € E, namely: 

S E p| A(a). 

Proof. Two spherical roots a and (3 of type a\ are strongly A-adjacent if and only 
if there is a colour S in A(a) n A(/3), namely we have the cases A7(i) and ^48 
of Table If a and (3 are spherical roots of a spherical system with the above 
properties, this colour 5 is the unique element of A that can be projective. □ 

We will call n-comb a spherical system of rank n satisfying the hypotheses of the 
above lemma. 

In order to obtain all cuspidal strongly A-connected spherical systems with only 
spherical roots of type a\ without projective elements, one can proceed analogously 
as above. The list is the following: aa(l) with only one spherical root of type a\, 
ax(l, 1, 1), ay(p,p) p > 2, ay(p, (p — l))p> 2, ay(n) n > 4 even, az(3, 3), az(3, 2), 
az(3, 1), ae 6 (6), ae 6 (5), ae 7 (7), ae 7 (6), ae 7 (5), dy(p,p) p > 4, dy(p, (p - 1)) p > 4, 
dy{p, (p-2) p > 4, dz{A, 4), dz(A, 3), «fo(4, 2), dz(4, 1), de 6 (7), de 6 (6), dy(7), de 7 (8), 
de 7 (7), de 8 (8), de 8 (7). 

The next step will consist in gluing two or more strongly A-connected compo- 
nents together. The following consideration about the properties of being erasable 
or isolated will be useful to simplify this procedure. 

Let (5 P ,E,A) be a cuspidal spherical system and let £' give a strongly A- 
connected component (S p n supp(E'), £', A(S D £'))• There are only the following 
two situations where an element <5 e A may correspond to a colour not belonging 
toA(S'): 

- The colour S is said to be external if there is a unique simple root a with 
5 s A(a) and it is not in A(S') since it takes a negative value on a spherical 
root 7 outside Then the root a is nonorthogonal to 7. 

- The colour 5 is said to be a bridge if there are more than one simple root, 
let us say c% for i — l,...,r, such that S is in A(o:j), and it takes a 
negative value on a spherical root 7 outside £'. Then all the roots on are 
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nonorthogonal to 7, which is necessarily of type a m , and r is equal to 2 or 
3. 

In most cases a look at the set of colours of a strongly A-connected component 
easily shows that it is necessarily isolated, erasable or quasi-erasable. 

The strongly A-connected component (S p (~l supp(E'), £', A(S fl £')) is isolated 
if it is isomorphic to one of these: do{p + q), dc(n) for n > 6 even, cfc'(n), dc(n) for 
n odd, aa(p + q + p) for p > 2, aa(p,p) for p > 2, aa*(p + 1 do(p + 2), dd(jp,p), 
ao(n), do(n), ay(n) for n > 6, dy(p,p) for p > 5, dee(6), dy(7), ^67(7), deg(7). 

If the strongly A-connected component fl supp(E'), A(5 fl £')) is isomor- 
phic to ac(n) for n > 5, aa(l + g + 1) for q > 2, ay(4) or ae7(5) then either it is 
isolated or supp(E') is nonorthogonal to the support of an n-comb and (S p , £, A) 
has a projective element. 

The strongly A-connected component (S p fl supp(E'), A(5 n £')) is erasable 
if it is isomorphic to one of these: dc'(n), aa(l + 1 + 1), n-comb for n > 4, az(3, 3), 
ae 6 (6), ae 6 (5), ae 7 (7), ae 7 (6), dy(4,4), dz(4,4), dz(4,3), rfz(4,2), dz(4, 1), de 6 (7), 
de 7 (8), de 8 (8). 

The strongly A-connected component (S p n supp(S'), £', A(S fl £')) is quasi- 
erasable if it is isomorphic to one of these: dc*(n), ds(n), ds*(4). 

We examine the remaining strongly A-connected components case by case: 

- d(n) for ri > 3. If it is not isolated, it is neither erasable nor quasi-erasable. 

- aa(l, 1). Analogously, if it is not isolated, it is neither erasable nor quasi- 
erasable. The strongly A-connected component aa(l,l) will be denoted 
also by d(2), since it can be considered as limit case of d(n) for n > 2. 

- aa(n) for n > 2. It is erasable only if it lies at one end of a connected 
component (in the usual sense) of the Dynkin diagram. 

- aa(l). If it has no projective elements then the functionals of its two colours 
take a negative value respectively on two distinct spherical roots. Hence, it 
does not lie at the end of a connected component of the Dynkin diagram 
or the spherical system admits the following erasable localizations: aa(l) + 
ac*{n), aa{l) + ac b {n), aa{l) + ac bb (4) (see Table©. 

- ac*(n). In case its support contains a "bifurcation" of the Dynkin diagram, 
i.e. a simple root nonorthogonal to three simple roots, and there are no 
projective elements, we have necessarily one of the following two erasable 
localizations: ac*(n) + aa(l), ac*(3) + 2— comb (see Table OJ- In case it 
does not lie on a bifurcation, it is erasable if at the end of a connected 
component of the Dynkin diagram or if n is odd, it is quasi-erasable if n is 
even. 

- 3-comb. It has a projective element or its support is made of three mutually 
orthogonal simple roots joined by a bridge. In the latter case it is part of one 
of the following erasable localizations: 3— comb + 2— comb, 3— comb + aa(n) 
(see Table EJ. 

- 2-comb. Analogously, it has a projective element or its support is made of 
two orthogonal simple roots joined by a bridge. 

- ax(l, 1, 1). If there are no projective elements then either it lies at the end 
of a connected component of the Dynkin diagram and it is quasi-erasable, 
either it is part of ax(l +p+ 1, 1) that is quasi-erasable or it is part of a/(5) 
that is isolated. 
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- ay{p,p). There are different coiours that may be a bridge. If there is 
no bridge then it is erasable. Otherwise it is part of one of the following 
erasable localizations: ay(p + q + p), dy*(3 + q + 3), ay (2, 2) + 2— comb (see 
Table El). 

- ay(p,p — 1). If there is no bridge then it is quasi-erasable, or erasable 
if at the end of a Dynkin diagram. Otherwise it is part of one of the 
following localizations: ay (p + q + (p — 1)) erasable, dy* (3 + 9 + 2) isolated, 
ay(2, 1) + 2— comb isolated (see TableEJ)- 

- az(3, 2). If there is no bridge then it is erasable. Otherwise it is part of one 
of the following localizations: dy(3 + q + 2) isolated, dz(3 + q + 2) erasable 
(see Table EJ. 

- az(3, 1). There is only one colour that may be a bridge and in this case we 
can have only dz(3 + q + 1) that is isolated, if this colour is not a bridge then 
az(3, 1) is quasi-erasable or even erasable if it does not lie on a bifurcation. 

- dy(p,p — 1). There is only one colour that may be a bridge and in this case 
we can have only dy(p + q + (p — 1)) that is isolated, if this colour is not a 
bridge the strongly A-connected component itself is erasable. 

- dy(p,p — 2). There is only one colour that may be a bridge and in this case 
we can have only dy'(p + q + (p — 2)) that is isolated, if this colour is not a 
bridge the strongly A-connected component itself is quasi-erasable. 

We are ready to complete the list of primitive spherical systems: we have to "put 
together" the components obtained above in all possible ways such that the obtained 
system turns out to be indecomposable, without projective colours. Thanks to 
Lemma |3 . 91 and subsequent considerations, the procedure is quite straightforward 
and leads to the list of Table El 

Example. Let us start with az(3,3): first of all, it is a primitive system itself. 
We go on adding other components, taking into account the fact that az(3, 3) is 
erasable whenever it is a part of a larger system. Therefore we may suppose that 
there is no other strongly A-connected component (more precisely, no union of such 
components) being quasi-erasable. 

The list at the end of the preceding paragraph gives us the other possible com- 
ponents: d(n), aa(n), 2-comb. A copy of d(n) or aa(n) can be added to az(3,3), 
obtaining the systems: az~(3 + q + 3), az(3, 3) + d(n). An additional copy of d(n) 
gives the systems az~(3 + q + 3) + d(n) and az(3, 3) + d{n\) + d{u2)- 

All other possibilities (including those containing a 2-comb) bring some union of 
the added components being quasi-erasable. 

4. The proof of the primitive cases 

In this section we complete the proof of Theorem 12.91 checking that every 
primitive spherical system corresponds to a wonderful variety, unique up to G- 
isomorphism. We divide the proof for each case in two parts. In the "uniqueness" 
part we suppose that there exists a wonderful subgroup H such that the wonder- 
ful embedding of G/H has the required spherical system, and we prove that H is 
uniquely determined up to conjugation. This will provide a candidate H and in the 
"existence" part we prove that it is wonderful and that it actually corresponds to 
our spherical system. 
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For all cases where G is of type A this has already been proven in |L3| . thus we 
suppose G be semisimple adjoint of mixed type A D, not of type A. Wherever it is 
convenient, we will work on a covering of G rather than on G itself. 

The next two technical lemmas will be widely used through all proofs. 

Lemma 4.1 ( L3 ). Let H be a wonderful subgroup of G and let (S P ,T,,A) be its 
spherical system. Then the following identities hold: 

(i) dim G/P S p + rank S = dim G/H, 

(ii) rankS(iJ) = rank A — rankS. 

Lemma 4.2. Let (S p , S, A) be a spherical system of type A D. 

(i) In general, rankE < rankS 1 and dim G/Psp = dimPg p < dim_B u . 

(ii) If Yi contains a spherical root of type d m or a\ x a\ then rankS < ranks', 
(hi) If Y, contains a spherical root of type a m , for any m > 1, then rankE < 

rank A or (S P ,E,A) can be localized to air(l,l,l) or ds*(4). 
(iv) Every strongly /^.-connected component with only spherical roots of type a\ 
different from ax(l, 1, 1) and ds*(4) is such that rank A — rankE = 1. 

Proof. All the statements are quite obvious; in order to prove [m| in case of m = 1 
and it is sufficient to check them for all cuspidal strongly A-connected spherical 
systems with only spherical roots of type a±. □ 

4.1. Reductive cases. Let H be a spherical subgroup of G. Then the homoge- 
neous space G/H is afnne, or equivalently the subgroup H is reductive, if and only 
if there exists a linear combination 

with c 7 > such that (p(5),£) > for all S G Ag/h- The primitive systems 
which satisfy this property are: do(p + q), dc{n) for n even, dc'(n), dc(n) for n odd, 
do(p + 2), dd(p,p), do(n), ds*(4) and aa(l) +ds*(4). 

On the other hand, reductive spherical subgroups are classified f |Kr| . \B1\ ): we 
report in Table [S] the list of the indecomposable connected reductive spherical sub- 
groups. 

Table 5: Indecomposable connected reductive spherical subgroups of 
semisimple groups. 



H 


G 




SO(n) 


SL(n) 


n>2 


S(GL(n) x GL(m)) 


SL(n + m) 


n > m > 1 


SL(n) x SL(m) 


SL(n + m) 


n > m > 1 


Sp(2n) 


SL{2n) 


n > 2 


Sp(2n) 


SL(2n + l) 


n > 1 


GL(l) ■ Sp(2n) 


SL{2n + 1) 


n > 1 


GL(n) 


SO{2n) 


n > 2 


SL(n) 


SO{2n) 


n > 3 odd 


GL(n) 


SO(2n + 1) 


n > 2 


SO(n) x SO(m) 


SO(n + m) 


n > m > 1 and n + m > 3 


5pm (7) 


50(8) 




Spin(7) 


5*0(9) 




G 2 


SO (7) 
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Table 5: Indecomposable connected reductive spherical subgroups of 
semisimple groups (continuation). 



H 


G 




Gi 


50(8) 




SL{2) ■ 5p(4) 


SO '(8) 




SO{2) x Spin(7) 


50(10) 




GL(n) 


Sp(2n) 


n > 1 


Sr>(2n) x Sv(2m) 


Sr>(2n + 2m) 


Ti ^> ID ^> 1 

It I 1 L ^ _1_ 


GL(1) x Sp(2n - 2) 


Sp(2n) 


n > 1 


A 2 


G 2 




A± x A± 


G 2 




Ba 


Fa 




C 3 x A 1 


Fa 




C± 


Eq 




Fa 


Eq 




D 5 


Eq 




GL(1) ■ D 5 


E 6 




As x Ax 


En 




GL(1) ■ E 6 


E 7 




A 7 


E 7 




D 6 x A l 


E 7 




D 8 


E$ 




Ai x E 7 


E$ 




H 


HxH 


H simple group embedded 






diagonally in H x H 


SL{2) 


SL(2) x SL{2) x 5L(2) 


embedded diagonally 


SL{2) x Sp(2n) 


SL{2) x Sp{2n + 2) 


(it, v) 1 ► (it, u © v) 


Sp(4) x Sp(2n) 


Sp{A) x Sp(2n + 4) 


(u, v) 1 ► (it, it © v) 


SO{n) 


SO(n) x SO(n + 1) 


u i— > (it, i(it)) 


Spin{7) 


Spin(7) x 50(8) 


u i — ► (it, i(u)) 


SL{2) x Sp(2m) x 


Sp(2m + 2) x 5p(2n + 2) 


(t,u,v) i-» (t © u,t © v) 


x Sp(2n) 






SL{2) x SL(2)x 


5p(4) x 5p(2m + 2) x 


(t, It, I), w) 1— » 


xSp(2m) x 5p(2n) 


x5p(2n + 2) 


H-> (t ®U,t ©V, M© W) 


SL(2) x Sp(2l)x 


Sp(2l + 2) x 5p(2m + 2) x 


(t, it, v, w) 1 ► 


xSp(2m) x Sp(2n) 


xSp(2n + 2) 


i-t- (i ©w,i ©v,t © w) 


SL(n) x GL{1) 


SL(n) x SL(n + 1) 


(it, A) i-» (it, Ait © A - ' 1 ) 


SL(2) x SL(m)x 


SL(m + 2) x Sp{2n + 2) 


(it, u, w) H- > (ti © v, u © w) 


xSp(2n) 






SL(2) x SL(m)x 


SL(m + 2) x Sp(2n + 2) 


(it, v, w, A) i — ► 


xSp(2n) x GL(1) 




i ► (A m it © A~ 2 u,it © w) 



In particular, for G of type D we have the following indecomposable connected 
reductive spherical subgroups. 

- GL(n) C SO(2n), n > 2, dimG/H = n(n - 1), rankS(ff) = 1. 

- SL(n) C SO(2n), n > 3 odd, [N(H) : H] infinite. 

- SO(n)xSO(m) C SO(n+m), n>m>l, n+m > 4 even, dimG/H = nm, 
rankS(iJ) equal to if m, n ^ 2, 1 if m = 2 or n = 2, 2 if m = n = 2. 

- 5pm(7) C 5*0(8), dim G/H = 7, rankS(ff) = 0. 

- G 2 C 50(8), dim G/H = 14, rankS(ff) = 0. 
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- SL{2) ■ Sp(4) C SO(8), dimG/H = 15, rankS(iJ) = 0. 

- 50(2) x Spin(7) C 50(10), dim G/H = 23, rankS(if) = 1. 

- 50(2n) C 50(2n) x 50(2n) embedded diagonally, n > 2, dim G/H = 
n(2n - 1), rankS(iJ) = 0. 

This table provides a candidate H for each of the above primitive systems, or at 
least a candidate for the connected component H° of H containing the identity. In 
the latter case we have to guess H, knowing that H° C H c Ng{H) = Ng(H°), 
where the last equality is known from the theory of spherical varieties. 

In general, the normalizer Ng{H) of a wonderful subgroup H acts on the colours 
of G/H and the set of the colours of G/Nq(H) is a quotient of the set of the colours 
of G/H such that the colours permuted by Nq(H) are identified. The normalizer 
Nq(H) can permute only the colours having the same associated functional, and we 
have that the only case where two colours can have the same functional is the case 
of two colours <5+ and 6~ moved by the same simple root a being also a spherical 
root. 

This fact can be easily deduced from the list of the rank two wonderful varieties, 
and in type A D it holds that the spherical system associated Nq{H), if it is 
different from the spherical system associated to H, can be obtained from the 
latter by substituting some spherical roots a 6 5 D £ with the spherical roots 2a 
(see also Proposition 15. 1(1 . 

Now, once we have a candidate H, ad-hoc considerations are needed in order to 
prove that H satisfy our requirements, with the help of lemmas 14 . II and 14 . 21 and the 
stringent restrictions imposed by the axioms of spherical systems. 

do(p + q) (p > 1, q > 3). To see that H must be reductive here we can 
take £ = ei 2a\ + . . . + c p 2a p + c p+ i 7 P +i, where S = {2ai, . . . , 2a p , 7 P +i}, with 
Cj = f(i) for any concave function of the interval [l,p+ 1] with 2/(1) > f(2) and 
f(p) < f(p+l), for example c, ; = j + l — (l/(p + 2 — i)). For the next cases we will 
omit this easy check that H is reductive. 

Uniqueness. We have here G — SO(2p + 2q). The spherical system is such that 
dimG/Psp = dimPg p = (p + \){2q+p - 2), rankS = p+ 1 and rankA = p+1. 
Hence by Lemma f4. II we have dim G/H = (p+ l)(2q +p—l) and rankS(i7) = 0. 
Looking at Table [3] we see that these conditions force the connected component H° 
of the identity in H to be conjugated to SO(p+l) x SO(2q + p— 1), or GL(p + q) if 
p+q = (q — 1) 2 . Let us prove that the latter choice is impossible. If p+q is even then 
[Nc(GL(p + q) : GL(p + q)] = 2. Now H cannot be isomorphic to GL(p + q) since 
rankS(GL(p + q)) = 1. The only other chance would be H = Nc(GL(p + q) up 
to conjugation, but the existence part of the proof for dc'(n) fpage l3*§l) shows that 
Nc{GL(p + q)) is wonderful and the associated spherical system is of type dc'(n). If 
p+gisodd N G (GL(p+q)) = GL(p+q) and rank E(GL(p+q)) = 1. Therefore, H° is 
conjugated to SO(p+l) x SO(2q+p-l). The normalizer is S(0(p+1) xO(2q+p-l)) 
and [N(H°) : H°] = 2, hence H can only be H° or N{H°). Now, we will see in the 
existence part of the proof that N(H°) is wonderful and the associated spherical 
system is actually do(p + q). By the results on spherically closed subgroups in |L3| 
the lattice E G / H o contains properly 'Bg/Hi hence H° and N(H°) cannot have the 
same spherical system. This forces H = N(H°). 

Existence. Let us put H = S{0{p + 1) x 0{2q +p - 1)). Since rankS(ff) = 0, 
we have rankS = rankA, hence the associated spherical system is cuspidal and, 
by Lemma l4~2l the set E does not contain roots of type a m for m > 1. Indeed, the 
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case of a component of type ds* (4) can be excluded directly by noticing that there 
is a spherical root of type as that can be nonorthogonal only to a spherical root of 
type a m (see Table Moreover, dimPg p + rankE = dimG/-ff = (p + q)(p + q — 
1) — q(q — 2). In the case of S p — 0, we would have rank E = p + q — q(q — 2) since 
Pg P = B u and no roots of type d m , but this is impossible. Hence, we have that 
S p and E contains at least one root of type d m . If this root does not lie at 
the end of the diagram like in do(p + q), we get dc'(p + q), since a spherical root of 
type ds on a Dynkin diagram of type A can be nonorthogonal only to a root of the 
same type. The case dc'(p + q) can be excluded since it is not invariant under the 
exchange of the simple roots a p + ? _i and a p + 9 , while if consider the corresponding 
outer involutive automorphism a we have cr(H) — H. Hence, there is only one 
root of type d m , it lies at the end of the diagram and the unique possible spherical 
system is do(p + q). 

do(p + 2). Suppose at first n = p + 2 > 4. Uniqueness. This case is similar 
to do(p + gr), here we can take p = n — 2 and q = 2. The subgroup H must be 
reductive. We have dim G/H = (n- l)(n+ 1) and rank E(H) = 0. If G = SO(2n), 
by TableElwe get that H° = SO(n — 1) x SO(n + 1), and analogously to do(p + q) 
we get that H = N G (H°) = S(0(n - 1) x 0(n + 1)). 

Existence. H is wonderful. The identities dimPg p +rankE = (n— l)(n+l) and 
rank A — rankE = force rankE > n — 1. In general rankE < n. If rankE = n 
then rank5 p = 1, but no root of type belong to E, hence rankE = n — 1 

and S p = 0. We obtain the spherical system do(p + 2). 

Let n = 4. Notice that in this case we have three different spherical systems of 
rank 3. 

^0 t^C ^\ 

o 

We have dim G/H = 15 and rankS(iJ) = 0. Our G is SO{8), and by Table 
we get that H° can be isomorphic only to SO (3) x SO (5) or SL{2) ■ Sp(4). In 
the first case we have that N so(8) (50(3) x 50(5)) = (50(3) x 50(5)) • C so(8) 
as above. In the second case we have that 5L(2) • Sp(4) = Spin{3) ■ Spin(5) C 
Spin(7) C 50(8) is equal to its normalizes Let us consider the outer involutive 
automorphism a of 50(8) that exchanges the simple roots «3 and a^: we have 
that cr(5(0(3) x 0(5))) = 5(0(3) x 0(5)) while cr(5L(2) • 5p(4)) is isomorphic 
to SL(2) ■ 5p(4) but they are not conjugated. Therefore, we have three possible 
subgroups up to conjugation: 5(0(3) x 0(5)), SL{2) ■ Sp(4) and a{SL{2) ■ 5p(4)). 

They are spherical and hence wonderful, and their spherical systems are all of 
type do(p + 2) (one proceeds like in the case n > 4). The first subgroup has the 
first spherical system of the above figure, since it is the unique one fixed by a. The 
other subgroups are analogously in correspondence with the remaining two cases. 

do(n). Uniqueness. We have dimG/H = n 2 and rankS(ff) = 0. If G = 
50(2n), by Table we get H° = SO(n) x SO(n), and [N G (H°),H ] = 4. The 
subgroup Nc(H°) is wonderful and, thanks to the existence part, the spherical 
system associated to it is do(n); we conclude that H must be Nc{H°) as in case 
do(p + q). 

Existence. From the identities dimPg p + rankE = n 2 and rank A — rankE = 
we get S p — 0, rankE = n and rank A = n. Therefore, we get the spherical system 
do(n). 
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dc(n) (n > 4 even). Uniqueness. By Lemma |4.1I we have dimG/H = (n(n — 
1) - n/2) + ra/2 = Ji(n-l) and rank £(#) = 1. Our G is SO(2n), from TableElwe 
see that if n > 4 then iJ° = GL(n) and iJ = H°, since rankS(iV G (GL(n))) = 0. 

Existence. The spherical subgroup _ff has index 2 in its normalizer Ng{H). 
Let us consider the functions /i,/2 £ C[50(2n)] defined by the minors (n + 
1 ... 2n | 1 ... n) and (n + 1 ... 2n | n + 1 ... 2n), respectively. Since they 
are (£? x iJ)-proper and they are exchanged by the right action of Ng(H), there 
are two colours of G/H exchanged by N(H). Therefore H is spherically closed 
and hence wonderful r|L3 | . |Rn) 1. We have dimPg p + rankE = n(n — 1) and 
rank A — rankE = 1. Hence, S p is non-empty and there exists at least a spherical 
root of type d m , since by the above identities any root of type a m with m > 3 
cannot be in E. It remains only the spherical system dc{n). 

dc'(n) (n > 4 even). Uniqueness. Analogously dimG/H — n(n — 1) and 
rankS(B) = 0. Here G = SO(2n); by Tableland, by the existence part of the 
proof for the case do(p + q), we get H = Na(GL(n)). 

Existence. The subgroup H is wonderful, since it is equal to its normalizer. 
Moreover, we already know the spherical system of H° and hence we get the case 
dc'(n). 

dc(n) (n > 5 odd). Uniqueness. We have dim G/H = n{n— 1) and rankS(i7) = 
1. Here G = SO(2n); by TableElwe get H° = GL(n). Moreover, if n is odd then 
GL(n) = N G (GL(n)) , hence H — H°. 

Existence. H is wonderful. We have dimP^p + rankE = n(n — 1) and rank A — 
rankE = 1. Hence, S p ^ and there exists at least a spherical root of type a m with 
rn > 3, since we cannot obtain any spherical system satisfying the above identities 
with only roots of type d m . There are no other choices than the spherical system 
dc(n). 

dd(p, p) (p > 4). Uniqueness. We have dimG/H = p(2p — 1). We have 
G = SO{2p) x SO(2p), by TableElwe get that H° is equal to SO(2p) embed- 
ded diagonally in G. The normalizer Ng(H°) of H° is Cq • H° , therefore H is 
N G (SO(2p)). 

Existence. From rank A = rankE follows that the spherical system of H is 
cuspidal and without any root of type a m . Since H is not a direct product, there 
exists a root of type a± x a\ whose support is not included in one single connected 
components of the Dynkin diagram. The spherical system is forced to be dd{p 1 p). 

ds*(4). Uniqueness. We have dimG/H = 14 and rankS(_ff) = 0. Our G is 
50(8), by TableElwe get H° S G 2 - Moreover, we have N so{8) (G 2 ) = G 2 ■ C so{8) . 

Existence. By the identities dim Pg„ +rank E = dim B u + 2 and rank A = rank E 
we get rank5 p = 1 and hence at least one root of type 03. Therefore, as seen in 
Lemma f4. 21 we get the spherical system ds*(4). 

aa(l) +ds*(4). Uniqueness. We have dimG/H = 15 and rankS(ff) = 1. If 
G = 50(10), by TableElwe get H° 50(2) x Spin(7). Moreover, we have 
Nso(w)(H°) = H° . 

Existence. By the identities dimPJfp + rankE = dimB" + 3 and rank A = 
rankE + 1 we get that rank5 p — 1 and there are roots of type a m . In particular, 
the only possibility is to take three roots of type 03 and one root of type 01. Hence, 
we must attach to ds*(4) a root of type a\. There are two possibilities: in one case 
H would be included, by Proposition ^. 21 in the parabolic induction of G 2 , but this 
is false. We get the spherical system aet(l) + ds*(4). 
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4.2. Nonreductive cases. As above, for each case we prove uniqueness and exis- 
tence of the associated wonderful subgroup H. For the uniqueness part we use the 
following strategy, with some marginal changes. It is the typical argument used by 
Luna in |L3| . 

Let (S p , E, A) be a primitive spherical system for G and let us suppose that 
there exists a subgroup H of G such that the wonderful embedding of G/H exists 
and has (S p , E, A) as its spherical system. 

First step. We find a distinguished subset A' of A with the ^-property such 
that (S p , E, A)/ A' is a parabolic induction of a reductive case and there exists a 
minimal parabolic distinguished subset A" such that it contains A'. 

The quotient (S p , E, A) / A' corresponds to a unique wonderful variety X% thanks 
to the previous paragraph, and we have G-morphisms: 

X Xx G/P 

where ^0$^/ = and P is the parabolic subgroup containing B~ and associated 
to the subset of simple roots S p / A" . 

Let H\ C G be a subgroup such that Xi is the wonderful embedding of G/Hi\ 
we may suppose that H C Hi c P. 

P is a minimal parabolic subgroup containing H thanks to the properties of A". 
We have also the inclusion H u C P u between the unipotent radicals: indeed, the 
morphism: 

H ^ P — ► P/P u 

yields the inclusion: 

H/(HnP u ) ^ p/p u 

P/P u is reductive and its subgroup H/(H n P u ) is not included in any proper 
parabolic subgroup, hence it is reductive and this implies H u C P u . Therefore we 
may suppose to have two Levi decompositions H = L ■ H u and P — L(P) ■ P u , 
where L C L(P) and H u C P u ; this also implies that L is spherical in L(P) and not 
contained in any proper parabolic subgroup. Moreover, we may suppose to have a 
Levi decomposition Hi = L\ ■ H", where L C L\. 

The commutator subgroup (L,L) is a reductive spherical subgroup of (Li,Li). 
Let Q be the minimal parabolic subgroup containing B~ such that Q r C Hi C Q: 
in such a case we have Q u = if™. In many cases Q is equal to P. 

Second step. We show that (L,L) is forced to be equal to (Li,Li), so that we 
also have H u C H™. This is proven checking all possible candidates for (L,L) 
provided by the list of reductive spherical subgroups in Table [SJ For each such 
candidate, we consider H' = P r ■ (L.L), which will be always wonderful. The 
inclusion H C H' would induce a G-morphism $ with connected fibers from X 
onto the wonderful embedding of G/H' 7 whose spherical system is known thanks 
to the previous paragraph. But now the associated distinguished subset of colours 
A$ will not exist, unless we had chosen (L, L) — {L\, Li). 

Therefore we are in the following situation: 

H = C ■ (L, L) ■ H u 

n || n 

Hi = Ci ■ (Li,Li) ■ Hi 

where G and Gi are the connected centers of H and Hi , respectively. We have that 
the Lie algebra of H u is an (L, L)-submodule of the Lie algebra of H". Moreover, 
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since we know C\ and dimC, we can compute the codimension of H u in using 
Lemma 14.11 

Third step. We analyze the decomposition of the Lie algebra of into simple 
I/i-modules: ad-hoc considerations about the spherical system arise conditions on 
C and the Lie algebra of H u in such a way that H is uniquely determined up to 
conjugation. 

For the existence part of the proof, namely once we have a candidate H, we 
prove it is spherical and then we use the same kind of indirect arguments of those 
in the previous section. To prove that H is spherical we use the following: 

Lemma 4.3 ( Bl ). Let Q and L(Q) be the above defined subgroups of G, let rii 
and n denote the Lie algebras of and H u , respectively. If there exists a Borel 
subgroup B' of L{Q) such that B' L is open in L(Q) and B' n L has an open orbit 
in ni/n, then H is spherical. 

Moreover, notice that the proof of the existence for a primitive spherical system 
implies the existence for everyone of its localizations. Therefore, for any localized 
case it is necessary to provide only the uniqueness part of the proof. 

Strongly A-connected cases. In the following strongly A-connected cases we get 
always that P = Q. 

dc*(n). We have S p — 0, E = {a\+a 2 , a„_3 + a„_2, a„_2 + avi-i, a n -2 + 
a n } and A = 0. The set of colours is A = {S ai , . . . , S an }. 

Uniqueness. Suppose n odd. The set A" = {S ai , 5 a2 , . . . , S Un _ 2 } is the minimum 
parabolic subset of colours, and it is associated to the parabolic subgroup Pg P /a" 



where S p /A" = a n }. The Luna diagram of the quotient spherical system 

(S p , E, A)/ A" is the following. 



Consider the distinguished set of colours A' = {S ai , . . . , S a2i+1 , . . . , 6 an _ 2 } C A": it 
is such that S p /A' = {a%, . . . , 0:21+1, ■ ■ ■ , otn-2) and E(A') = {a n _2 + a n -i, a„-2 + 
a„}. We have 



so the spherical roots of the quotient are the indecomposable elements of the semi- 
group 



i. e. E/A' = {at + 2a 2 + a 3 , . . . , a 2 i-i + 2a 2l + a 2l +i, . . ., a„-4 + 2a„_ 3 + a n - 2 }- 
The quotient spherical system (S p , E, A)/ A' is a parabolic induction of ac{n — 2). 



Our G is SO{2n). Let Q denote the parabolic subgroup P SP / A „, we have Q = 
Q u L(Q), where L(Q) = GL(n — l) x GL{1). Let Hi denote the wonderful subgroup 
associated to the spherical system (S p , E, A)/A'. It is equal to L\, where = 
Q u , (L±, L\) = Spin — 1) and C\ is the connected center of L(Q), where dimCi = 
2 = rank(A \ A') — rank E/A'. Indeed, the wonderful subgroup of SL(n — 1) 




S/A' = {£: (p(SU) = V5 e A' and ( 7 *,£) = V7 G E(A')}, 



{} Ci(cti + Q!t+i) : Cj > Vi and c\ — Cf+j = Vi odd}, 
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associated to the spherical system ac(n — 2) is isomorphic to Sp(n — 1) • Cgu n -i\- 
So (L±, L\) is the subgroup of the matrices 



A 














1 














1 














J'A~ L J 



where A 6 Sp(n — 1), and C\ is the subgroup of the matrices 











\ 





C2 




























c~ l I ) 



where ci, c% £ GL(1). The Lie algebra ni C so(2n) of if" is the subalgebra of the 
matrices skew symmetric with respect to the skew diagonal 















A/i 











M 2 











M 3 


-J'M-2 


-J'Ah 






where Mi and M% are row (n — l)-vectors and M3 is a square (n — l)-matrix skew 
symmetric with respect to the skew diagonal. 

Let H = H u L be a wonderful subgroup with spherical system dc* (n) . We can 
suppose H C Hi and L C L\. By Lemma |4.1I we have that dim .Hi — dimiJ = n 
and dimC = 1. The subgroup (L,L) of (Li,Li) is spherical; it is also reductive 
because it is contained in no proper parabolic subgroup (thanks to the minimality 
of A"). By Table |SJ (L,L) can be isomorphic only to Sp(n — 1) and hence it is 
equal to (Li, Li). In particular, dimi?" — dimiJ" = n — 1. 

Call mi the subspace of ni given by the condition Mj = for all j ^ i. As a (L, L)- 
module, ni has three isotypic components: the first component is mi+rri2 where mi 
and rri2 are simple Li-submodules of dimension n — 1 (two copies of the dual of the 
standard representation C n_1 ), the second component is a simple Li-submodule of 
dimension ((n— l)(n — 2)/2) — 1 and the third component is a simple Li-submodule 
of dimension 1. The sum of these two last isotypic components is rri3 = (/\ 2 C™ -1 )*. 
The Lie algebra n C ni of H u is an L-submodulc of codimension n — 1. Being a Lie 
subalgebra, it must be the sum of m3 and a submodule m C mi +m2 of codimension 
n — 1. The subgroup C\ acts as follows, for all c £ Ci and for all Mi E m^: 
c.Mi — C2C^ 1 Mi, C.M2 — c 2 " 1 c7 1 M2. Moreover, H must be wonderful, hence 
of finite index in its normalizer. Therefore, C = {c2 c^ 1 = c 2 _1 c^ 1 }° = {c2 = 1} 
and m is diagonal in mi + rri2, namely defined by an equation H1M1 + ^ 2 M 2 = 
with /ij 7^ 0. This determines C and H u up to conjugation. Since H contains the 
center Cq of the group G, the Levi subgroup L is isomorphic to Cq • C ■ Sp(n — 1). 
Moreover H = Nq{H), hence it is uniquely determined up to conjugation. 

Now suppose n even. The subset A" = {5 a2 , <5 Q3 , . . . , S an _ 2 } is a minimum para- 
bolic subset and S p /A" = S\{ai , Qt n —i j Ot n }. The set A' = {S a2 , . . . , 6 a2i , . . . , 8 an _ 2 } 
is distinguished, with S p / A' — {012, ■ ■ ■ , ot2i, ■ ■ ■ , a n -2} and S(A') = {ai+ot2, a n -2 + 
a n -i,ot n -2 + Oi n }, so that E/A' = {a 2 + 2a 3 + a 4 , . . . , a.2i + 2a 2l +i + a 2 i+2, ■ ■ ■ , 
Q!n-4 + 2a„_3 + a„_2}- If n > 4 the quotient spherical system is a parabolic 
induction of ac(n — 3), if n = 4 it has rank zero. 



© » 
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Again, G = SO{2n). Set Q = P SP/A „ , we have L(Q) ^ GL(l)xGL(n-2)xGL(l). 

Here Hi is such that (L\,Li) = Sp(n — 2) and C\ is the connected center of L(Q), 
where dimCi = 3. Let / and J denote the diagonal and skew diagonal unitary 
(n — 2) x (n — 2) matrices; we have that (Li, L\) is the subgroup of the matrices 



1 




















A 




















1 
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,7 t A~ L J 
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1 



where A G Sp(n — 2). The connected center C\ is the subgroup of the matrices 



CI 
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c 3 




















C3 1 




















c^ 1 I 




















cl 1 J 



where ci,c 2 ,c 3 G GL(l). The Lie algebra ni C so(2n) of i?" is the subalgebra of 
the matrices skew symmetric with respect to the skew diagonal 
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M 2 


M 3 














Mi 


M 5 














M 6 


M 7 


-J«M 5 


-J 'M 3 











- z M e J 


-Mi 


-M 2 


— r Mi J 


, 



where M-j is a square (n — 2)-matrix skew symmetric with respect to the skew 
diagonal. 

Let H be a wonderful subgroup with the given spherical system, H = H u L, H C 
Hi and L C L\. Analogously to the odd case we have that dim_ffi — dim_ff = 
rankS — rankS/A' + rank S p / A' = n. Moreover, dimC = 1. The subgroup (L, L) 
of can be isomorphic only to Sp(n — 2) and hence it is equal to (Li,Li). 

In particular, dim_ff" — dimiJ" = n — 2. 

The (L, L)-module rii decomposes into three isotypic components: the first one is 
mi+m3+m5+rri6 where these modules are all simple Li-modules of dimension n — 2 
(the standard representation C"~ 2 or its dual), the second component is a simple 
Li-submodule of dimension ((n — 2)(n — 3)/2) — 1 and the third component is a 
direct sum of three simple Li-submodulcs of dimension 1 (the sum of these two last 
isotypic components is tti2 + + m.7). Notice that if n = 4 the second component 
is zero. The Lie subalgebra n C ni is an i-submodulc of codimension n — 2. Since 
it is a Lie subalgebra, it is the sum of rri2 + rru + rri6 + UI7 and a submodule m C 
mi + rri3 + ms of codimension n — 2. The subgroup Ci acts as follows, for all c G Ci 
and for all M, G m l : c.M x = c^c^ 1 M u c.M 3 = c z c^ M 3 , c.M 5 = Cg 1 c^ 1 M 5 . 
Therefore, C = {c 2 c^ 1 — c 3 c^ 1 = c^ 1 c^ 1 } = {c 3 = 1, ci = c 2 } and m is diagonal 
in mi + rri3 + ms, namely defined by an equation fiiMi + /i 3 M 3 + /J5M5 = with 
Hi ^ 0, hence unique up to conjugation. Therefore L = Cq • C ■ Sp(n — 2), and 
Analogously to the odd case H is determined up to conjugation. 

Existence We can suppose n odd, the even case follows by localization. The 
subgroup H is spherical. Indeed, consider: 
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where A G GL(n) is the following: 



A = 














1 





Jn-l 





/n-i 


2 




2 



then B gHg^ 1 is open in G, since b + gfyg^ 1 = So(2n). Moreover, -ff is wonderful, 
because = N G (H). We have dimPg p + rankE = dim G/H = (n + l)(n - 1) 
and rank A — rankE = dimC = 1. Since rankE < n we have rankS'P < 1, but 
the case of rank5 p = 1 gives rankE = n and hence S p = 0, i.e. a contradiction. 
Therefore, S p = and rankE = n — 1. The spherical system must be cuspidal, 
hence E contains a root of type a 2 and it remains only the case of dc* (n) . 

dy(p,p) (p > 4). Uniqueness. We have E = S. The set A" = A \ {5~ _ ± , 5~ , 
8~, , 8~/ } is the minimum parabolic subset of A, associated to Psp/a"j where 

SP/A" =\a x , . . . ,a p _ 2 , a' x , . . .,a' p _ 2 }. We take A' = {£+ , S+ 2 , . . . , *+ _ a , *+ _J 
C A". Now S'P/A' = and E(A') = {a p _i, a p , a^, a p }, and so we have that 
E/A' = {ot\ +a' p _ 2 , Oi + a'p^^, a p _2 + c«i}. The quotient is a parabolic 
induction of aa(p — 2,p — 2): 




Our G is SO^p) x SO(2p). Consider Q = P Sp/A „: we have Q = Q u L(Q) where 
L(Q) = GL(p-l)xGL(l)xGL(p-l)xGL(l). Also, #i = i^Li, where ff^ = Q u , 
(Lx,Li) = SL(p — T) embedded diagonally in GL(p— 1) x 1 x GL(p — 1) x 1 C 
and Gi is the connected center of L(Q), and dimGi = 4. The elements of (Li, L\) 
have this form: 
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where A G SX(p — 1), while Gi is the subgroup of the couples 
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where 01,02,03,04 G GL(1). The Lie algebra ni of is the subalgebra of the 
couples of skew symmetric matrices with respect to the skew diagonal 
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-J'M 5 


-J'M 4 


, 



where Mi, M2, M4, M5 are row (p — l)-vectors and M%,Mq are square (p — 1)- 
matrices skew symmetric with respect to the skew diagonal. 

As usual we take H — H u L with H C H\ and L <Z L\. We have that dimiJi — 
dimH = p+2. Moreover, dimG = 1, hence dim(Li, L\)— dim(L, L) < p— 1. Tabled 
shows that (L,L) can be isomorphic only to SL(p— 1), SO(p— 1) or Sp(p— 1) (if 1 
is even), but from the above inequality we get that (L, L) = (Li, Li) = SX(p — 1). 
In particular, dim 7?" — dimff 11 = p — 1. 

The (L, L)-module ni decomposes into two isotypic components: the first one is 
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mi + tri2 + rri4 + rri5 where each of these is a simple Li-submodule of dimension 
p — 1 and of highest weight A2 (the dual of the standard representation C p_1 ), the 
second component is ITI3 + rri6 where these are simple Li-submodules of dimension 
(p - l)(p - 2)/2 and of highest weight X 1 (the dual of A 2 C^ 1 ). The Lie algebra 
n C ni of H u is an L-submodule of codimension p—1. Since it is a Lie subalgebra, 
it is the sum of rri3 + m.6 and a submodule m C mi + trt2 + rru + rris of codimension 
p—1. The subgroup C% acts as follows, for all c £ C\ and for all M, G m,: 
c.Mi = c 2 Ci 1 Mi, c.M 2 = c^ l c^ l M 2 , c.M 4 = c 4 c 3 ~ 1 M4, c.M 5 = c^ 1 c^ 1 M 5 . 
Therefore, C — {c 2 c± 1 = c^ 1 c^ 1 = C4 c^ 1 = c^ 1 c^ 1 } = {c\ — C3, c 2 = C4 = 1} 
and m is diagonal in mi + m2 + ITI4 + TCI5, namely defined by an equation piMi + 
[x 2 M 2 + P4M4 + 115M5 = with /ij ^ 0, hence unique up to conjugation. Since 
H contains the center Cg of the group G, we have L — Cq ■ GL(p — 1), where 
GL(p+l) is embedded diagonally in L(Q). Moreover, H = Nq{H) so it is uniquely 
determined up to conjugation. 

Existence. L° is isomorphic to GL(p — 1). Now B' — -Bgl(p-i) x GL(l) x 
^GL(p-i) x GL(1) is a Borel subgroup of L(Q) that satisfies the hypothesis of 
the Lemma [4.31 Indeed, B' D L° = Tcjifp-i) nas an open orbit in C p_1 . Hence, 
H is wonderful, since it is spherical and equal to its normalizer. By Lemma [4.1 1 
dim G/H = 2p 2 and dimC = 1. Since dimB" = 2p 2 - 2p, we have S p = and 
rankE = 2p = rankS*. The spherical system is hence cuspidal and £ does not 
contain roots of type a m for m > 2, nor roots of type a\ x a\ or d m . A root of 
type a'j would cause the spherical system to be decomposable, since it cannot be 
nonorthogonal to any root of type a%, but this is not the case, since H is not a 
direct product. Therefore, £ = S and by Lemma [4.2lfn^l the spherical system is 
strongly A-connected. Since H is not solvable, by the Proposition ^ . 21 the spherical 
system cannot be a comb, hence we have dy(p,p) or dz(A, 4) if p = 4. The latter is 
excluded by the corresponding uniqueness proof. 

dy(p, (p - 1)) (p > 4). Uniqueness. The set A" = A \ is 

the minimum parabolic subset of A and S p / A" = . . . , a v - 2l . . . , a.' p _ 2 }. 
Set A' = {S+, S+ 2 , . . . , 6+ p J+ _J c A". We have S*/A' = and E/A' - 
{ai + a' p _ 2 , . . . , Qij + Q!p_^_^, . . . , a p - 2 + cti}, the quotient spherical system is a 
parabolic induction of aa(p — 2,p — 2). Let us pose G — SL(p) x SO(2p). We have 
L{Q) = GL{p-l)xGL(l)xGL(p-l)xGL(l). Here (ii.Li) = SL(p~l) embedded 
diagonally in GL(p— 1) x 1 x GL(p— 1) x 1 C L(Q) and dimCi = 3. We have that 
dimiii — dimH = p + 1 and dimC = 1, hence dim(Li, L\) — dim(L, L) < p — 1. 
As for dy(p,p), the subgroup (L, L) can be isomorphic only to SL(p— 1) and hence 
it is equal to {L\,L\). In particular, dimH"" — dimfP = p — 1. 
The (I/, L)-module ni decomposes into two isotypic components: the first one is 
mi+tri2+m3 (three simple ii-submodules of dimension p—1), the second component 
rru is a simple Li-submodule of dimension (p— l)(p — 2)/2. The Lie algebra n C ni 
of H u is then m4 + m where m c mi + m2 + tri3 has codimension p—1. As usual, C 
is determined and m is diagonal in mi + rri2 + rri3. And L is determined too, since 
H D Cg- We have H = Ng{H), hence determined up to conjugation. 

dy(p, (p-2)) (p > 4). Uniqueness. The set A" = A \ {5, ,S~,} is the 

p—1 P 

minimum parabolic subset of A and S p / A f/ = {ai, . . . , «p-2, o;^, . . . , o^_ 2 }- Wo 
take A' = {S+, S+ 2 , 5+_ a> 6+J c A", so S*/A' = and E/A' = + 
a' 2 , . . . , ccj + a' . . . , a p „2 + The quotient spherical system is a 
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parabolic induction of aa(p — 2,p — 2). Let us pose G = SL(p — 1) x SO(2p). We 
haveL(Q) = SL(p-l) x GL(p-l) x GL{1). Here (Li,Li) = SL(p-l) embedded 
diagonally in SL(p — 1) x GL(p — 1) x 1 C L(Q) and dimCi = 2. We have that 
dim_ffi — dimi? = p and dimC = 1, hence dim(ii,Li) — dim(L,L) < p — 1; so 
(L, L) = (Li, Li) and dimiJ" — dimi7" = p—1. The (L, L)-module tii decomposes 
into two isotypic components: the first one is mi + m.2 where these are simple L\- 
submodules of dimension p—1, the second one m.3 is a simple Li-submodule of 
dimension (jp— l){p — 2)/2. The Lie subalgebra n is m.3, + m where m C mi + m 2 has 
codimension p—1. Hence, O is determined and m is diagonal in mi + rri2. Finally, 
H = Ng(H) and it is uniquely determined up to conjugation. 

dy(7). Uniqueness. Take A" = {5+ , , 5~ 2 , *~ }: we have S p /A" = 

{ai,a 2 ,a 5 ,a 6 }. If A' = }, then 5^/A' = and £/A' = {a x + 

(*5,a 2 + c^}. The quotient spherical system is a parabolic induction of aa(2,2). 
Our G is 50(14), so L(Q) = GL(3) x GL(1) x GL(3) and (ii,Li) = 5L(3) 
embedded skew diagonally in GL(3) x 1 x GL(3) C L{Q), with dimCi = 3. We 
have dim _ffi — dim H = 5anddimO = 1, hence dim(Li, L\) — dim(L, L) < 3. (L,L) 
can be isomorphic only to 5L(3) and hence it is equal to {L\,L\). In particular, 
dimi?" — dimiJ" = 3. The Lie subalgebra n C ni is the sum of a codimension 3 
submodulc m diagonal in mi+m2 + rri3 and the rest of the simple ii-submodules of 
ni ; C is determined, H = Nq{H) and it is uniquely determined up to conjugation. 

Existence. By Lemma 14.31 the subgroup H is spherical and wonderful. By 
Lemma 14.11 we have S p = and rank £ = 7. The spherical system is cuspidal 
with only roots of type a±. Therefore, S = 5, the spherical system is strongly 
A-connected and it is not a comb, so it is deg(7), dy(7), dei(7) or efeg(7). We can 
exclude the other cases by the corresponding uniqueness proofs. 

dz(4,4). Uniqueness. Take A" = A' = {*+,*+}, so 5P/A" - 

{a 2 ,a' 2 } and 5 P /A' = 0, S/A' = {a 2 + a 2 }. The quotient by A"' is a parabolic 
induction of aa(l, 1). G is 50(8) x 50(8), so L(Q) = GL{1) x GL{2) x GL(1) x 
GL(1) x Gi(2) x G£(l). (L x , L x ) = SL(2) embedded diagonally in 1 x GL(2) x 1 x 
1 x GL{2) x 1 C L(Q) and dimGi = 6. Here dim#i - AimH = 7 and dimG = 1, 
hence dim(Li,Li) — dim(i,L) < 2. Thus (L,L) can be isomorphic only to SL(2) 
and hence it is equal to (L x , Lx). In particular, dimiJ" — dimiJ" = 2. Here rii has 
two isotypic components: the first one is the sum of eight simple Li-submodules of 
dimension 2 and the second component is composed by six summands of dimension 
1. n C ni is the sum of m diagonal in mi + m 2 + m-^ + m.4 + m.5 + m.Q (Table 0) 
having codimension 2, and the rest of the simple Li-submodules. C is analogously 
determined. H = Ng(H) and uniquely determined up to conjugation. 

Existence. By Lemma 14.31 H is spherical and wonderful. By Lemma 14.11 
dim Pg p + rank S = 32 and rank A — rank S = 1 , thus S p is empty and rank £ = 8. 
The spherical system is hence cuspidal, without roots of type a m for m > 2, nor 
a\ x a\ nor d m . Being irreducible, there are also no roots of type a[. So £ = 5 and 
the spherical system is strongly A-connected. It cannot be a comb, thus we have 
c?y (4, 4) or dz{A, 4). The former is excluded by the corresponding uniqueness proof. 

dz(4,3). Uniqueness. Take A" = {<*+ , 5+ , 6~ 2 } and A' = {£+,<$+}, so 
SP/A' = and £/A' = {a 2 + a' 2 }. The quotient by A' is a parabolic induc- 
tion of aa(l, 1). G is SL(4) x 50(8) and (L X ,L{) = SL{2) embedded diagonally 
in L(Q). We have dimOi = 5, dim .Hi — dimH = 6 and dimG = 1, hence 
dim(Li,Li) -<Km(L,L) < 2. As usual, (L,L) = (Li,Lx) so dim - dim H u = 2. 
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The Lie subalgebra n C ni is the sum of a codimension 2 submodule m diagonal 
in the direct sum of five simple ii-submodules of dimension 2, plus the rest of the 
simple ii-submodules. O is determined, H = Nq(H) and it is uniquely determined 
up to conjugation. 

dz(4,2). Uniqueness. Take A" = {$+, <5+, S~ 2 }, A' = {£+,£+}. The quo- 
tient by A' is a parabolic induction of aa(l, 1). Our G is 5L(3) x 50(8) and 
= SL(2); also dimCi = 4 and dim(ii,ii) -dim(L,L) < 2. Again, 
(L,L) = (Li,Li) hence dimif" — dimH u = 2. The Lie subalgebra n C ni is the 
sum of a codimension 2 submodule m diagonal in the direct sum of four simple 
-Li-submodules of dimension 2 and the rest of the simple ii-submodules. O is 
determined, and H = Ng(H) so it is uniquely determined up to conjugation. 

dz(4, 1). Uniqueness. By renaming the simple roots as usually, A" = {<5i, S~ , 

} and A' = {<J+ x , <5+, }. The Lie subalgebra n C ni is the sum of a codimension 2 
submodule m diagonal in the direct sum of three simple ii-submodules of dimension 
2, plus the rest of the simple Li-submodules. O is determined and H = Ng(H), so 
it is uniquely determined up to conjugation. 

de 6 (7). Uniqueness. Take A" = {<$+ , <J+ , S~ a } and A' = {5+ , S+ }, so 5P/A" = 
{a 2 ,a 5 }, S p /A' = and E/A' = {a 2 + a 5 }. The quotient by A' is a parabolic 
induction of aa(l, 1). Let G be 50(14). We have L(Q) = GL(1) x GL(2) x 
GL(1) x GL(2) x GL(1), with (L u = SL{2) embedded diagonally in 1 x GL{2) x 
1 x GL{2) x 1 c L(Q) and dimGi = 5. We have dim#i - dimff = 6 and 
dimO = 1, hence dim(£i,Li) — dim(L,L) < 2. (L,L) can be isomorphic only 
to SL(2) and hence it is equal to (Li,L\). In particular, dimff" — dimi?" = 2. 
The Lie subalgebra n C ni is the sum of a codimension 2 submodule m diagonal in 
mi+m2 + m3+m4 + m5, plus the rest of the simple Li-submodules. G is determined, 
and H = Nq{H) so it is uniquely determined up to conjugation. 

Existence. By Lemmas 14 . HI and 14 . 1 1 H is spherical and wonderful, with S p = 
and rankS = 7. The spherical system is cuspidal and with only roots of type a\. 
Therefore, S = 5 and the spherical system is strongly A-connected. It cannot be a 
comb, and we have de§(7), dy(7), dey(7) or de$(7). We can exclude the other cases 
by the corresponding uniqueness proofs. 

dee(6). Uniqueness. By renaming the simple roots, A" = {6£ , 6~ , S^ 2 }, A' = 
{Sa 1 ,^ 2 }. The quotient by A' is a parabolic induction of <za(l,l). Here G = 
50(12), (L u Li) 5L(2); also dimGi = 4, dim#i - dimif = 5 and dimG = 1. 
Since (L, L) = (Li, L\), dimi?" — A\mH u — 2. Here nCni and G are determined 
as before, H = Ng(H) and it is uniquely determined up to conjugation. 

de 7 (8) . Uniqueness. Take A" = L5+ , *+ , 5~ , 5+ , } and A' = {8+ , 5+ 2 ,5+J, 
so that 5 P /A" = {a 2 , «3, «5, «6} and the quotient by A' is a parabolic induction 
of ao(2,2). Our G is 50(16), so L(Q) = GL(1) x GL(3) x Gi(3) x GL(1) and 
(ii,Li) = 5L(3) embedded skew diagonally in 1 x GL(3) x GL(3) x 1 c L(Q). 
We have dimGi = 4, dim_ffi — dimH = 6 and dimG = 1; since dim(Li,ii) — 
dim(L,L) < 3 then (L,L) = (Li,Li), therefore dimi?" - dimff" = 3. n C ni is 
the sum of a codimension 3 submodule m C mi + m.2 + m-3 + XXI4 and the rest of 
the simple Li-submodules. Also, rri2 = + m 2 ': now m 2 = mi = m.3 = m.4 are all 
isomorphic to the dual of /\ C 3 , while m 2 ' is isomorphic to the dual of Sym 2 C 3 . 
So m is the sum of m 2 and a submodule diagonal in mi + m' 2 + n\3 + 1114. G is 
determined and H — Nq(H), so it is uniquely determined up to conjugation. 
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Existence. By Lemmas 14.31 and 14.11 H is spherical and wonderful with £ = 5, 
the spherical system is strongly A-conncctcd and it is not a comb. We have c?e7(8) 
or (teg (8). We can exclude the latter by the corresponding uniqueness proof. 

de 7 (7). Uniqueness. Take A" = {6+,S-,S+,6^,S+J, A' = {8+,5+,8+J. 
The quotient by A' is a parabolic induction of aa(2, 2). Let G be 50(14): (L±,L{) = 
SL(3) and dimOi = 3. We have dimiii — dimH = 3 and dimO = 1, (L,L) — 
(L±,Li) and dimi/" — dimi?" = 3. The Lie subalgebra n C ni and O are deter- 
mined as usual; H = Nq(H) and it is uniquely determined up to conjugation. 

de 8 (8) . Uniqueness. Take A" = {«*", *+ , , «J+ , , <5+ 4 , <5~ 4 } and A' = { J- , 
^a 3 ) ^a 3 ) ^a 4 }' s0 S p / A" = {a 2 , as, Q!4, ^6, 0:7, as} and the quotient by A' is a 
parabolic induction of oo(3, 3). Here G = 50(16), L(Q) GL(1) x GL(4) x 50(6), 
(Li,Li) = 5L(4) and dimOi = 2. We have dimf/i - dimi? = 5 and dimO = 1, 
hence dim(Li,£i) - dim(L, L) < 4. (L, L) = (Li,Li) thus dimi^ - dimH" = 4. 
The Lie subalgebra n C ni is the sum of a codimension 4 submodule m C mi + rri2 
and the rest of the simple Z^-submodules. Now m 2 = ( /\ 2 C 4 ) ® (C 4 ) = m 2 + 
m 2 where m 2 = mi = C 4 (the standard representation), while m 2 is simple with 
dimm' 2 ' = 20. So m is the sum of m 2 and a submodule diagonal in mi + m' 2 . C is 
determined, H = Nq(H) and it is uniquely determined up to conjugation. 

Existence. By Lemmas 14 . 31 and 14 . 1 1 H is spherical and wonderful with £ = 5, 
the spherical system is strongly A-connected and it is not a comb. We have c?e7(8) 
or dea(8). We can exclude the former by the corresponding uniqueness proof. 

de 8 (7). Uniqueness. We take A" = {*+ ,£+ ,5+ }, A' = 

{^aii^'^'^}- The quotient by A' is a parabolic induction of aa(3,3). Let G 
be 50(14): (L x ,Li) = 5L(4), dimOi = 1, dimffi - dimH = 4 and dimO = 1. 
(L, L) = (Li, Li) thus dim — dim H u = 4. Here ni = mi + m 2 + m3 where these 
are simple L\ modules, of dimensions 4, 6, 20; n is obtained from ni by removing 
mi and C = C\. Therefore H is uniquely determined up to conjugation. 

Remaining cases. For the following cases with more than one strongly A-connected 
component we use the same arguments as above. 

As in type A, the following lemma is useful for the existence parts. We maintain 
the above notations. 

Lemma 4.4 ( |L3| ). If £' C S/A' gives an isolated strongly A-connected compo- 
nent of the spherical system (5 P ,£, A)/A' such that its localization in supp(E') is 
isomorphic to aa(p + q + p) or aa(q), then: 

- if q = I, the corresponding spherical root a of type a\ belongs to £ and 
A{a) n A(/3) = for all e S, 

- ifq>l, the localization of the spherical system (S p , £, A) /A' in supp(£/A') 
is associated to L\ with (L%, L\) = K 1 xK" , where K 1 = SL(jp+l) x SL(p+ 
q), and if the factor of K' isomorphic to SL(p + q) acts trivially on tli/n, 
the corresponding spherical root 7 of type a q belongs to E. 

aa(l)+ds(n), n > 4. Uniqueness. Choose A" = {5^,5^, 6 a2 } and A' = 
{<*£:<*a a }> so that 5 p /A" = 5 \ {a n ,a n+1 } and E/A' = {«! + ... + a n }. The 
quotient by A' is a parabolic induction of aa(n). Let G be SO(2n + 2). In this 
case we have PCQ, since Q = N(H^) is the parabolic subgroup containing B~ 
associated to 5 p /A"U{a„}, while P = P- S p/A»- We have L(P) = GL(n) x GL(1), 
and (Li,Li) = SL(n) with dimOi = 2. Also, we have dim if 1 — dimiJ = n and 
dimO — 2. By Table El the subgroup (L, L) can be isomorphic only to SL(n), 
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SO(n) or Sp(n) (if n is even). If (L,L) = SO(n), respectively Sp(n), we have that 
H is included in a parabolic induction of SO(n), respectively Sp(n). In both cases 
we get a contradiction, since there are no distinguished subsets of A giving rise to 
the corresponding quotients. Therefore {L,L) = (L\,Li) and dimTJ" — dimH u = 
n. The Lie algebra ni decomposes into two simple Li-submodules mi + rri2 of 
dimensions n and n(n — l)/2. The Lie subalgebra n is equal to rri2 and C = C\. 

Existence. The subgroup H is spherical and equal to Nq{H), hence wonderful. 
We have dim Pg p + rank E = dim B u -(n- 2) (n - 3)/2 + 3 and rank A - rank S = 2. 
Hence, S p ^ and it can be proven that there are no root of type d m and that 
there is at least one root of type a m . Now it is possible to see that S p is equal to 
{«3, . . . , a n -i} or {a2, . . . , ce n -2} with at least a root of type a n -\. One can easily 
prove that there cannot be a projective colour, by looking at the projective fibration 
it would be associated to, hence we have aa(l) + ds(n) or aa(n — 1) + (2— comb). 
The latter can be excluded since it admits a morphism into a rank zero spherical 
system whose set of simple roots of type p is equal to {a>i, . . . , a„_2} C S p /A". 

ac*(n) +aa(l). Uniqueness. Let n be even. Take A" = A \ {S ai , S~ } and 
A' = {S a2 ,...,S a2i ,...,S an }, so that S p /A" = S\{ai,a n+ i} and E/A' = {a 2 + 
2a 3 +a 4 , . . . , a 2 i+2a 2 i+i+a 2 i+2, ■ ■ ■ , a n -2+2a n -i+a n , a n +\}- The quotient by A' 
is a parabolic induction of dc(n). Let G be SO(2n + 2), we have that 7V(iJ") is the 
parabolic subgroup containing B~ associated to S \ {«i} = S p /A" U {a„+i}. Here 
(ii,ii) = SL(n) and dimCi = 2. We have dimffi — dimif = n and dimC = 2, 
hence (L, L) = (Li,L\). The Lie algebra ni decomposes into two conjugated simple 
Li-submodules of dimension n. The Lie subalgebra n is equal to one of them, and 
H = Ng(H) so it is uniquely determined up to conjugation. 

Let n be odd and greater than 3. Take A" = A\{£ an , <^a n+1 } and A' = {6 a2 , . . ., 
*a„_i, so that S p /A" = S\ {a n ,a n+1 } and E/A' = {«i + . . . + «„}. The 

quotient spherical system is a parabolic induction of aa(n). Let G be SO(2n + 2), 
we have that N(Hf) is the parabolic subgroup containing B~ associated to S \ 
{a n } = S p /A" U {a n+ i}; moreover (Li.Ia) = 5L(n) and dimCi = 2. We have 
dimi/i — dimi/ = n(n— l)/2 and dimC = 2, hence (L, L) is equal to (L\, L\). The 
Lie algebra ni decomposes into two simple Li-submodules mi + m2 of dimension n 
and n(n — l)/2, respectively. The Lie subalgebra n is equal to mi. The subgroup 
H is equal to its normalizer and uniquely determined up to conjugation. 

Existence. The subgroup H is wonderful, we have dimPg p +rankE = (n— l)(n + 
1) and rank A — rankE = 2. Hence, S p — 0, rankE = n — 1 and rank A = n+ 1. 
We have two cases with two strongly A-connected components of type ac* (n) and 
aa(l). One of such cases has a projective element and it can be excluded like in 
the previous case. 

Let n be equal to 3. We have three different spherical systems of type ac*(3) + 
aa(l). The proof is analogous to the case of n > 3. In this case we have n = 
n(n — l)/2 and we have three subgroups up to conjugation: H' with n = mi, 
H" = cr(H') and H'" with n = m 2 (a(H'") = H'"). We can conclude analogously 
to the case of do(p + 2). 

2— comb + ac*(3). Uniqueness. Here A" = {5^ , 5 a3 , 6~ 4 } and A' = {^,^3}) 
and the quotient by A' is a parabolic induction of act (3). Our G is 50(10), and 
(Li,Li) = SX(3) with dimCi = 3. We have dimifi - dimH = 4 and dimC = 
2, hence (L,L) = and dimH? - dimH" = 3. The (L,L)-module tii 

decomposes into three isotypic components, one is the sum of two Li-submodules 
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mi + rri2 of dimension 3 and of highest weight Ai. The Lie algebra n C ni is the 
sum of a codimension 3 submodule diagonal in mi + rri2 and the other two isotypic 
components. Therefore C is determined, H is equal to its normalizer and uniquely 
determined up to conjugation. 

Existence. The subgroup H is wonderful. We have dim Pg p +rank S = dim B u -\-A 
and rank A — rankS = 2. Hence, S p = and there are two strongly A-connected 
components. We know that G/H — > G/H\ extends to a dominant G-morphism with 
connected fibers between the two wonderful embeddings: now 2— comb + ac*(3) 
is the unique spherical system satisfying the above requirements and admitting 
(5 p ,E,A)/A' as quotient. 

ac*(ni) + d(n 2 ), n 2 > 2. For n 2 = 2 we have ac*{n\) + aa(l,l). Unique- 
ness. Let m be odd and n 2 be equal to 2. Take A" = A \ {5 ai ,5 ani } and 
A' = {S a2 , • • • , 5 a2i , • • • , 5a n _i }; the quotient by A' is a parabolic induction of two 
factors respectively of type ac{n\ — 2) and aa(l, 1). We have G = SO(2ni + 4) 
and L(Q) ^ GL(1) x GL(m - 1) x SO (A). The universal cover of {L U L{) is iso- 
morphic to Sp(n\ — 1) x SL(2). The connected center C\ has dimension 2. We 
have diva H\ — Am\H = n, dimC = 1 and dim(Xi, Li) — dim(L,L) < n — 1. Also, 
(L, L) = (L\, L\) and dimi?" — dim_ff M = n\ — 1. The Lie subalgebra n C ni is the 
sum of a codimension m — 1 submodule m C mi + m 2 and the rest of the simple 
Li-submodulcs. The submodule tri2 decomposes into two simple Li-submodules 
m 2 = m 2 + m 2 , with m 2 = mi as (L, L)-modules. The submodule m is the sum of 
m 2 and a submodule diagonal in mi + m 2 . 

Let ni be odd and n 2 be greater than 2. The proof is completely analogous; 
the quotient by A' is a parabolic induction of ac{n\ — 2) and c?(n 2 ). We have 
G = SO{2 ni + 2n 2 ) and L(Q) ^ GL(1) x GL(m - 1) x SO{2n 2 ). The subgroup 
(Li, L\) is isomorphic to Sp(n\ — 1) x S'0(2n 2 — 1). As above, dimCi = 2, dim Hi — 
dimi? = n, dimC = 1, dim(Li, L\) — dim(L, L) < n—1 and (L, L) = (Li,L\) with 
dim Hi — dim H u = m — 1. The Lie subalgebra n C ni is the sum of m C mi + m 2 
and the rest of the simple Li-submodules. The submodule m 2 decomposes into 
m 2 = m' 2 + m 2 , with m 2 = mi as (L, L)-modules. The submodule m is the sum of 
m 2 and a submodule diagonal in mi + m 2 . 

Let n\ be even. Let us treat together the cases n 2 = 2 and n 2 > 2. Take 
A" = A \ {6 ani } and A' = {S ai , . . . ,5 a2i+1 , . . . ,S ctni _ 1 }; the quotient by A' is a 
parabolic induction of two factors respectively of type ac(ni — 1) and rf(n 2 ). Here 
(L\, L{) = Sp(ni) x SO(2n 2 — 1) (if n 2 = 2 its universal cover is Sp(ni) x SL(2)). 
Again (L,L) = (L\,Li), and here dimi/" — dimH u = n\. The Lie subalgebra 
n C ill is the sum of a codimension m submodule m' C m and the complementary 
Li-submodule of m. The submodule m decomposes into two simple Li-submodules 
m = m' + m", with m" of dimension n\. 

Existence. We have dimPj p + rankS = dim_B u — (n 2 — l)(n 2 — 2) + m and 
rankA - rankS = 1. If n 2 = 2, S p = 0, rankS = m and rankA = m + 1. The 
spherical system is cuspidal and there is a spherical root of type aa(l, 1) on the 
bifurcation. If n 2 > 2, analogously there is a spherical root of type d(n 2 ) on the 
bifurcation and S p is determined. 

a y(p + Q + P) + d(n), n > 2. Uniqueness. Here A" = A \ {S ap+q , S^ 2p+q }, and 
A' = ,5+ } is such that the quotient is a parabolic induction of aa((p— 1) + 

(q+ + 1)) and d(n). Let G be SO{Ap + 2q + 2n). In this case N(H?) is the 
parabolic subgroup containing B~ associated to S \ {a 2p+q } = S p /A" U {a p+q }. 
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In this case (Li,Li) = SL{p + q) x SL(p) x SO(2n — 1) (if n = 2 its universal 
cover is SL(p + q) x SL(p) x SL(2)) and dimCi = 2. We have dimiJi — dimiJ = 
p + q and dimC = 2. By Table [5] the subgroup (L, L) can be isomorphic only to 
SL(p + q) x ST(p) x SO{2n ~ 1), SL(p + q) x S*0(p) x SO(2n - 1), SZ(p + q) x 
50(p) x 50(2n - 1) (for p even), SL(p + q) x SL(2) (for p = n = 2), SL(p + 
q) x SL(p) x S*0(r) x 50(2n - 1 - r), SX(p + g) x SZ(p) x Spin(7) (for n = 5), 
SL(p + q) x SL(p) x G 2 (for n = 4) and some intersections of two of them. Any 
choice with (L, L) ^ (Li, Li) produces a H contained in a parabolic induction, and 
none of these cases corresponds to any quotient of our spherical system. Therefore, 
(L,L) = (Li,Li) and dimif" — dimiP = p + q. The Lie subalgebra n C ni is 
the sum of a codimension p + q submodule m' C m and the complementary L\- 
submodulc of m. The submodule m decomposes into two simple Li-submodulcs 
m = m' + m", with m" of dimension p + q. 

Existence. We have dimPg p + rankE = dim£?" — (q — l)(q — 2)/2 — (n — l)(n — 
2) + 2p + 2 and rank A - rankE = 2. We know that G/H — > G/Hj. extends to a 
dominant G-morphism with connected fibers between the corresponding wonderful 
embeddings, hence S p C S p /A'. If q > 2, it can be shown that the inclusion is 
proper, there is exactly one root of type d n on the bifurcation and one root of type 
a q . The rest is a strongly A-connected component of roots of type ay. We have 
only three cases: ay(p + q + p) + d(n), if p = 3 az~(3 + q + 3) + d(n) or if p = 2 
ay* (2 + q + 2) + d(n). The proof can be concluded thanks to the corresponding 
uniqueness parts. If q < 2, we know analogously that there are three strongly A- 
connected components and the proof ends by noticing that ay(p + q + p) + d(n) is 
the unique spherical system admitting (S p , S, A)/ A" as quotient. 

a y(P:P) +d(ni) +d(n 2 ), ni,n 2 > 2. Uniqueness. Here A" = A \ {5~ p ,6~,^ }, 
and A' = {6£ , . } is such that the quotient is a parabolic induction of aa(p — 

l,p-l), d(m) andd(n 2 ). Let G be SO(2p+2 ni ) x SO{2p+2n 2 ); we have (£i,ii) = 
SL(p)xSO(2m-l)xSO(2n 2 -l) anddimCi = 2. We have dim #i- dim Zf = 
dimC = 1 and dim(Li,Li) — dim(L,L) < p. As usual (L.L) = (Li,Li) and 
dim H " — dim _ff " = p. The Lie subalgebra n C ni is the sum of m C mi + m 2 
and the rest of the simple Li-submodulcs. The submodules mi and m 2 decompose 
into mi = m[ + m" and m 2 = m' 2 + m 2 ', with m" = m' 2 ' as (L, L)-modules. The 
submodule m is the sum of m'i + m 2 and a submodule diagonal in m" + m 2 . 

Existence. We have dimPJfp + rankS = dim_B" — (n\ — l)(ni — 2) — (n 2 — 
l)(n 2 — 2) + 2p + 2 and rank A — rank E = 1. If n\ — n 2 — 2 the unique possibility 
is rankE = 2p + 2 and S p = 0. Moreover, we can deduce that the spherical system 
consists of a strongly A-connected component with roots of type a\ on a Dynkin 
diagram of type A p x A p plus two roots of type a\ x a\ on the bifurcations. We 
can easily exclude the case of comb + aa(l, 1) + aa(l, 1). The are only two other 
possibilities: ay(p,p) + aa(l, 1) + aa(l, 1) and az(3, 3) + aa(l, 1) + aa(l, 1) if p = 3. 
The latter can be excluded by uniqueness. If nx > 2 or n 2 > 2, we can deduce 
that S p ^ and hence that E contains at least one root of type d m . Moreover, 
no root of type a m with m > 2 or a[ can occur. We can have two roots of type 
d m , or one root of type d m and one root of type a± x oi, in both cases both roots 
on the bifurcations. All the other spherical roots are of type a\ lying in a strongly 
A-connected component. 

ay(p, P) +d(n), n > 2. Uniqueness. Take A" = A \ {S~ p ,S' a , } and A' = 

{S^ ± , . . . , i5y. The quotient by A' is a parabolic induction of aa{p — l,p — 1) and 
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d(n). Let G be SL(p + 1) x SO(2p + 2n). The subgroup (L\,Li) is isomorphic 
to SL(p) x SO(2n - 1) and dimCi = 2. We have dimiJi - dimi? = p + 1, 
dimC = 1. The subgroup (L,L) is equal to (L\,L\) and dimi?" — dimiJ" = p. 
The Lie subalgebra n C ni is the sum of m C mi + m 2 and the rest of the simple 
I/i-submodules. The submodule rri2 decompose into m 2 = m 2 + m 2 , with mi = m 2 
as (L, L)-modules. The submodule m is the sum of m 2 and a submodule diagonal 
in mi + m 2 . 

a y(Pi (P — 1)) + d(n), n > 2. Uniqueness. Analogously, set A" = A \ {8~, }. 

The distinguished subset A' = , . . . , 5*, } is such that the quotient spherical 

system is a parabolic induction of two factors respectively of type aa(p — 1, p — 1) 
and d(n). Let G be SL(p) x 50(2p + 2n). The subgroup (Li,ii) is isomorphic to 
SL(p)xSO(2n-l) and dim Ci = 1. We have dim ffi - dim H = p, dimO=l. The 
subgroup (L, L) is equal to (L\, L\) and dimff" — dimff" = p. The Lie subalgebra 
n C ni is the sum of m' C m and the complementary Li-submodule of m. The 
submodule m decomposes into two simple ii-submodules m = m' + m", with m" of 
dimension p. 

ay(p + q+ (p - 1)) +d(n), n > 2. Uniqueness. Take A" = A \ {5 ap , S- 2p+g _J 
and A' = {8^ , . . ., £+ 2 The quotient by A' is a parabolic induction of two 

factors respectively of type aa((p— 1) + q+ (p— 1)) and d(n). Let G be SO{Ap + 2q — 
2 + 2n). The subgroup [L\,Lx) is isomorphic to SL(p) x SL(p + q- 1) x SO(2n — 1) 
and dimCi = 2. We have dimiii — dim J? = p and dimC = 2. The subgroup 
(L,L) is equal to {L\,L\), The Lie subalgebra n C ni is the sum of m' C m and 
the complementary Li-submodule of m. The submodule m decomposes into two 
simple ii-submodules m = m' + m", with m" of dimension p. 

Existence. By Lemma Pm the root + . . . + a q +s belongs to S. Moreover, S p D 
{ck5, . . . , a g + 2 } and there is a root of type d n (a± X a% if n = 2) on the bifurcation. 
We obtain two cases: az~ (3+q+2)+aa(l, 1) if p = 3 and ay(p+q+(p—l))+aa(l, 1). 
The former can be excluded by the corresponding uniqueness proof. 

dy(p + q+ (p- 1)), p > 3. Uniqueness. Here A" = A \ <>a 2p+q _ 2 , 
S~ 2 _ 1 } and A' = {5+ ± , . . ., , 5 ap }; the quotient by A' is a parabolic induction 
of aa\(p - 2) + (q + 1) + (p - 2")). Let G be 50 (4p + 2g - 2). In this case AT(iJf) 
is the parabolic subgroup containing B~ associated to 5 \ {ct2 P + q -2, «2p+g-i} = 
5 p /A"U{ckp +g _i}. The subgroup (L\,L\) is isomorphic to SL(p+q — 1) x SL(p— 1) 
and dimOi = 3. We have dimiJi — dimiJ = p + q and dimO = 2. The subgroup 
(L, L) can be isomorphic only to SL(p+q— 1) x SO(p— 1), SL(p+q— 1) x Sp(p — 1) 
(for p odd) and 5L(p + g — 1) x 5L(p — 1). If (X, L) is isomorphic to one of the 
above proper spherical subgroups, H is contained in a parabolic induction, with 
connected quotient. From both the cases we get a contradiction. Therefore, the 
subgroup (L, L) is equal to (Li,L\) and dim if" — dim^P = p + q — 1. 

Existence. We have dimFg p + rankS = dimB" — (q — l)(g — 2)/2 + 2p and 
rank A — rankE = 2. We know that H C Hi and that the quotient G/H — > GjH\ 
extends to a dominant G-morphism with connected fibers. If q > 2, there are no 
root of type d m and there is exactly one root of type a q . The rest is a strongly A- 
connected component of roots of type 01. We have only three cases: dy(p+q+(p— 1)) 
and, if p = 4, dy~(4 + g + 3) or dz~(4 + (7 + 3). The proof can be concluded by 
uniqueness. If q < 2, we know analogously that there are two strongly A-connected 
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components and the proof ends by noticing that dy(p + q + (p — 1)) is the unique 
spherical system admitting £, A)/A" as quotient. 

dy(p, (p — 1)) + d(n), p > 4 and n > 2. Uniqueness. In this case A" = A \ 
{Sa p - X '^a' >&a'}i an d A' = {o^j . . . , o^p-i) is such that the quotient spherical 
system is a parabolic induction of aa(p — l,p — 1) and d(2). Let G be SO(2p — 
2 + 2n) x SO{2p). The subgroup (Z, 1( L x ) is isomorphic to SL(p - 1) x 50(271 - 1) 
and dimCi = 3. We have dimiii — dim ii = p + 1, dimC = 1 and dim(Li, L\) — 
dim(Z, L) < p—1. The subgroup (L, L) is equal to [Li, L{) and dim H " — dim H u = 

P-1- 

Existence. We have dim + rank S = dim Z?" + 2p and rank A — rank £ = 1 . 
Analogously, we get only the cases dz(4, 3) + d(n) (if p — 4) and dy(p, (p— l))+d(n). 
The former is excluded by the corresponding uniqueness proof. 

dy'(p + q+(p-2)), p > 4. Uniqueness. Take A" = A \ o" p+(( _ 3 , 
*a 2p+ ,_J and A' = {<$+,. . ., 5+ _ 2 , <5 a!p+g _ 1 }- The quotient by A' is a parabolic 
induction of aa((p- 2) +g+(p- 2)). Let G be SO(4p + 2g - 4). In this case 2V(.fff) 
is the parabolic subgroup containing B~ associated to S \ {ct2p+q-3, &2p+q~2} = 
S p /A"l){a p+q - 2 }- The subgroup (Li, Li) is isomorphic to SL(p-l) x SL(p+q-2) 
and dim C\ = 3. We have dim i/i — dim H = p and dim C = 2. The subgroup (L, L) 
is equal to (L%, L\) and dimi?" — dimiJ" = p — 1. 

Existence. By Lemma |4.4l the root a p _i + . . . + a p+q -i belongs to S. We get 
two cases: dy'(p + q + (p — 2)) and dz~ (4 + q + 2) (ifp = 4). The latter is excluded 
by the corresponding uniqueness proof. 

ay*(2 + q + 2) + d(n), n > 2. Uniqueness. Set A" = {<!>+, <5+ 2 , 5~ 2 , 5 a3 , S aq+5 } 
and A' = {5^,5^}. The quotient by A' is a parabolic induction of two factors 
respectively of type aa(l + q+l) and d(n). Let G be SO(2q + 8 + 2n). The subgroup 
(Li, L\) is isomorphic to SL(2) x SL(q+ 1) x SO(2n - 1) and dimCi = 3. We have 
dimiii — dim ii = 3 and dimC = 2. The subgroup (L, L) is equal to (L\, Li). 

Existence. By Lemma 14.41 the root as + . . . + a 9 +2 belongs to S. Moreover, 
S p 2 {c>!4, . . . , Oi q +i} and there is a root of type d„ (ai x ai if n = 2) on the 
bifurcation. We obtain two cases: ay (2 + q + 2) + d(n) and ay* (2 + q + 2) + d(n). 
The former can be excluded by the corresponding uniqueness proof. 

dy*(3 + q+3). Uniqueness. Choose A" = A \ {S+ t , 5 aq+3 , 5+ 9+fj } and A' = 
{(5^,^, 5~ ' }; the quotient by A' is a parabolic induction of aa(2 + q + 2). Let G 
be SO(2q + 12). The subgroup (la, la) is isomorphic to 5L(3) x SX(g + 2) and 
dimCi = 3. We have dimiii — dim H = 4 and dimC = 2. The subgroup (L, L) is 
equal to (Li, Li). 

Existence. By Lemma 14.41 the root 0:4 + ... + a 9 +3 belongs to S. Moreover, 
S' 1 ' = {as, . . . , a g+ 2}- The unique possible spherical system is dy*(3 + q + 3). 

dy*(3 + q+2). Uniqueness. Choose A" = A \ {S aq+2 , 5+ }, and A' = 
{^ai^a 2 ^a q+i \ ls such that the quotient spherical system is a parabolic induc- 
tion of aa(2 + q + 2). Let G be SO(2q + 10). The subgroup (Li, L\) is isomorphic 
to SL{3) x SL(q + 2) and dimCi = 2. We have dimiii - dim H = 3 and dimC = 2. 
The subgroup (L,L) is equal to (Li,Li). 

dy~(4 + q+3). Uniqueness. Choose A" = {6^,6^,6^,5^,3^,6^} and 
A' = {8~ ,S~ ,S~ }. The quotient by A' is a parabolic induction of aa(2,2) and 
aa(q). Let G be SO(2q + 14). In this case AT (if") is the parabolic subgroup 
containing associated to S p /A" U {ag+3}. The subgroup (Li, Li) is isomorphic 
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to SL(3) x SL(q) and dimCi = 4. We have dimi/i - dimH = 5 and dimC = 2. 
By Table the subgroup (L,L) is equal to (Li,L\) and dimiJ} 1 — dimif" = 3. 
If q > 2, the Lie subalgebra n C rii is the sum of a codimension 3 submodule 
m C mi + n\2 + tri3 and the rest of the simple Li-submodules. If q = 1, we 
can substitute the colours S ai and <5 Q<! +3 with 5 + 4 and 8~ , respectively. In the 
decomposition of rii we get two other submodules, rru and rris, isomorphic to mi , 
m2, 1TI3 as {L\, Li)-modules. As above we need three of them where to take a 
codimension two diagonal submodule. If n contains m.3 we have that H u contains 
the unipotent radical of a proper parabolic subgroup and it is associated to a 
parabolic induction, but this is not the case. The same thing occurs if n contains 
rru + mi or ms + rri2. Analogously, if n contains rru + rri2 or mi + ms, we have that 
H is equal to a wonderful subgroup associated to the following, 



but this is not the case; moreover, notice that in A(o.a) there is a projective element 
and in this case H would be included (with connected quotient) in a wonderful 
subgroup associated to a parabolic induction of dy(4, 3). Therefore, there are only 
two other conjugated cases, where m is included in mi + rri2 + rri3 or tru + tri5 + m 3 . 

Existence. We have dimP£ p + rankS = dimS" - (q - l)(q - 2)/2 + 8 and 
rank A — rankE = 2. By Lemma f4. 41 we get that the root 04 + . . . + a<j+3 belongs 
to S. Moreover, S p = {as, . . . , a q+ 2} and we get only three cases: dz~{A + q + 3), 
dy(4 + q + 3) and dy^(4 + q + 3). The former two cases can be excluded by the 
corresponding uniqueness proofs. 

ay(2, 2) + 2 comb. Uniqueness. Choose A" = {5~ ± , <5+ 2 , S~ 3 , £+ 3 , S~ 3 } and 
A' = {S~ ± , 6~ 2 , S~ 3 }. The quotient by A' is a parabolic induction of aa(l + 2+1). 
Let G be 50(12). The subgroup is isomorphic to SL(2) x SL(S) and 

dimCi = 3. We have dimiJi - dimH = 4, dimC = 2, (L,L) = (Li,L{) and 
dimfff - dimiJ" = 3. 

Existence. From dim Pg p + rank S = dim B u + 6 and rank A — rank S = 2 we 
get S p = 0, S = S. We have two strongly A-connected components. The spherical 
system ay(2,2) + (2— comb) is the unique that admits (S P ,H, A)/A" as quotient. 

ay(2, 1) + 2 comb. Uniqueness. We take A" = A \ {<5+ 3 ,£+J and A' = 
{^oij ^Q2> C 4 }; the quotient by the latter is a parabolic induction of aa(l + 2 + 1). 
Let G be 50(10). The subgroup is isomorphic to SL(2) x 5L(3) and 

dimOi = 2. We have dimiJi - dimiJ = 3, dimO = 2, (L, L) = {L x ,Lx) and 
AimHf - dimiJ" = 3. 

az(3,3) +d(ni) +d(n 2 ), ni,n 2 > 2. Uniqueness. Choose A" = 5+ 2 , 5~ 2 , 

i5 tt4 , 8 a ^} and A' = {S^ l7 S^ 2 }, so that the quotient by A' is a parabolic induction of 
three factors of type aa(l, 1), d{n\) and diriz). Let G be 50(6 + 2ni) x 50(6 + 2ri2). 
The subgroup {L\,Lx) is isomorphic to SL{2) x 50(2ni — 1) x 50(2n 2 - 1) and 
dimOi = 4. The subgroup (L, L) is equal to (Li,Lx) and dimTJ" — dimH u = 2. 

Existence. If n\ = 112 = 2, we have dimPg p + rankE = dimi?" + 8 and the 
unique possibility is rankS = 8 and S p = 0. Moreover, we can deduce that the 
spherical system consists of a strongly A-connected component with roots of type 
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ai on a Dynkin diagram of type A3 x A3 plus two roots of type ai X ai on the 
bifurcations. There are only two other possibilities: az(3, 3) + aa(l, 1) + aa(l, 1) 
and ay(3, 3) + aa(l, 1) + aa(l, 1). Analogously, if ni > 2 or ri2 > 2 we can prove 
that there are two roots of type d ni and d„ 2 on the bifurcations and all the other 
spherical roots are of type a\ lying in a strongly A-connected component. 

az(3, 2) + d(ni) + d(n 2 ), ni, n2 > 2. Uniqueness. We can take A" = {8 + ± , S~ , 
5+ 2 , S a3 , 5 a ,J and A' = {*+,*+}. 

az(3, 3) + d(n), n > 2. Uniqueness. Here A" = {5+ , (5+ 2 , S~ 2 , 5 a > } so that 
S p /A" = {ct2, a' 2 , a' 4 , a' 5 }, and A' = {5+ ' , 5„ } is such that the quotient spherical 
system is a parabolic induction of two factors of type aa(l, 1) and d(n). 

az(3,2) + 1 d(n) n > 2. Uniqueness. Here A" = {5+ , 5^, <5+ , 5 Qi } and A' = 
{(5^,(5^}. The quotient by A' is a parabolic induction of two factors of type 
aa(l, 1) and d(n). 

az(3,2) + 2 d(n), n > 2. Uniqueness. Here A" = {<5+ ^j^,^} and A' = 
{^oii^t> 2 }- The quotient by A' is a parabolic induction of two factors of type 
aa(l, 1) and d{n). 

az(3, 1) + d(n), n > 2. Uniqueness. Here A" = {(5^,(5^,(5^,(5^} and A' = 
{S£ ,5*,}. The quotient by A' is a parabolic induction of two factors of type 
aa(l, 1) and d(n). 

az~(3 + q + 3) + d(n), n > 2. Uniqueness. Here we choose A" = {<5+ i; <5+ 2 , 
"5a,; <5a„ +3 ; ^q^+t} and A' = {6 + , (5„ 2 }- The quotient by A' is a parabolic induction 
of three factors of type aa(l, 1), 00(g) and d(n). Let G be SO(2q + 12 + 2n). We 
have dimCi = 5, dimiii — dimi/ = 5, dimC = 2 and (L.L) = (Li,ii). In 
particular, dimi/" — dimi/" = 2. If g > 2, the Lie subalgebra n C ni is the sum 
of a codimension 2 submodule m C mi + rri2 + rri3 + m4 and the rest of the simple 
.Li-submodules. If q = 1, in the decomposition of tii we get two other modules 
isomorphic to mi, m2, m3 and trt4 as (L\, Li)-modules. As above we need four of 
them where to take a codimension 2 diagonal submodule. The proof is completely 
analogous to that of dy~(A + q + 3). 

Existence. By Lemma 14.41 we get that the root 0:4 + . . . + otq+3 of type a q 
belongs to S. Therefore, if n — 2 we have S p — {a§, . . . , a g +2} and there are two 
cases: az(3, 3) + aa(l, 1) and ay(3, 3) + aa(l,l). The latter can be excluded by 
the corresponding uniqueness proof. If n > 2 it can be deduced that S p contains 
properly as, ... , a q +2 and there is a root of type d n on the bifurcation. 

az~(3 + q + 2) + d(n), n > 2. Uniqueness. We can take A" = {<5+, S~ t , (5+ 2 , 
5 a3 , S aq+6 } and A' = {(5+,(5+ }. 

dz(4, 3) + d(n), n > 2. Uniqueness. Here A" = {6^,3+^6^,6^} and A' = 
{6a 1 ,6 + 2 }. The quotient by A' is a parabolic induction of two factors of type aa(l, 1) 
and d(n). Let G be 50(8) x SO(6 + 2n). The subgroup (L\,L\) is isomorphic to 
SL{2) x 50(2n- 1) and dimCi = 5. We have dim if 1 -dim if = 6 and dimC = 1, 
hence dim(Li,Li) — dim(i,i) < 2. The subgroup (L,L) is equal to (L±,Li) and 
dim if] 1 - dim H u = 2. 

Existence. If n — 2, dimPg p + rankE = dim_B" + 8 and rank A — rankE = 1, 
hence S p = 0. We have the following cases: dz(4, 3)+aa(l, 1) and dy(4, 3)+aa(l, 1). 
The latter can be excluded by the corresponding uniqueness proof. If n > 2, S p ^ 
and there is only one root of type d n on a bifurcation. 
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dz(4,2) + d(n), n > 2. Uniqueness. Here A" = {£+ , <5+ , <5" 2 , <S Q ^ } and A' = 
{(5+,i5+ }. The quotient by A' is a parabolic induction of two factors of type 
aa(l, 1) and d(n). 

dz~(4 + q + 3). Uniqueness. Here A" = {£+ , 5+ , <f- , <S a J and A' = {*+,*+}. 
The quotient by A' is a parabolic induction of two factors respectively of type 
aa(l, 1) and aa(q). Let G be SO(2q + 14). The subgroup Z^) is isomorphic to 
SL(2) x SX(<?) and dimCi = 6. We have dim if i - dim if = 6 and dimC = 2. The 
subgroup (L, L) is equal to (Li,L\) and dim if" — dim if M = 2. 

Existence. The root 014 + ... + a 9 +3 belongs to S. Since dimPg p + rankS = 
dimB u + (« ? -l)(g-2)/2 + 8 and rank A- rank £ = 2, we get S p = {a 5l . . . ,a q+2 }. 
We have the following three cases: dz~ (4 + q + 3) , rfy(4 + q + 3) and dy~ (4 + g + 3) . 

dz~(4 + q + 2). Uniqueness. Set A" = {<5+ x , £~ x , <5 + 2 , <5 Q3 }. The distinguished 
subset A' = {(5^,(5+,} is such that the quotient spherical system is a parabolic 
induction of two factors respectively of type aa(l, 1) and aa(q). 

dz(3 + q + 2). Uniqueness. Take A" = {5 + 1 , 5 + 2 , 5~ 2 , 6 a3 }. The distinguished 
subset A' = {5 + ,5 + } is such that the quotient spherical system is a parabolic 
induction of aa(l + q + 1). Let G be SO(2q + 10). The subgroup (Li,L\) is 
isomorphic to SL(2) x SL(q + 1) and dimCi = 4. We have dim .Hi — dim if = 4 
and dimC = 2. The subgroup (L, L) is equal to (Li,L\) and dim if " — dim if u = 2. 

Existence. The root 0:3 + . . . + 0:5+2 belongs to E. We get two cases: dy(3 + <7 + 2) 
and dz(3 + q + 2). 

dz(3 + q + 1). Uniqueness. Take A" = {^j^j,^,^}- The distinguished 
subset A' = {5 + 1 , <5a g+2 } is such that the quotient spherical system is a parabolic 
induction of aa(l + q + 1). 

az(3, 2) + 2 comb. Uniqueness. Set A" = {<S~ , £ + 2 , S~ , 5~ 4 }. The distin- 
guished subset A' = {^,^21^4} 1S sucn that the quotient spherical system is a 
parabolic induction of aa(l,l). Let G be SO(14). The subgroup is iso- 

morphic to SL(2) and dimCi = 5. We have dim if 1 — dim if = 6, dimC = 2, 
(L,L) = and dim iff - dim H" = 3. 

Existence. From dim Pg p + rank E = dim £>" + 7 and rank A — rank S = 2 we 
get S p = 0, £ = S. We have two strongly A-connected components. The proof can 
be concluded by noticing that az(3, 2) + (2— comb) is the unique spherical system 
admitting (S p ,£, A)/ A" as quotient. 

ae 6 (6) + d(n), n > 2. Uniqueness. Take A" = {5^,5+^,6^,6^}. The dis- 
tinguished subset A' = {S + 1 , 5+ 2 } is such that the quotient spherical system is a 
parabolic induction of two factors of type aa(l, 1) and d(n). Let G be 5'0(12-|-2n). 
The subgroup (Li,L\) is isomorphic to SL(2) x SO(2n — 1) and dimCi = 4. We 
have dimi/i — dim if = 5 and dimC = 1, hence dim(Li, L\) — dim(L, L) < 2. The 
subgroup (L, L) is equal to [L\, L\) and dim if" — dim if u = 2. 

Existence. If n — 2, we have dim Pg p +rank £ = dim B u +7 and rank A— rank £ = 
1, hence S p = 0. We have the following cases: ae%{<a)+aa(l, 1) and ae-j{&)+aa{l, 1). 
If n > 2, S p ^ and there is a root of type d n on the bifurcation. 

ae 6 (5)+d(n), n > 2. Uniqueness. Take A" = {5 + 1 ,5~ 1 ,5 + 2 ,5 ct6 }. The dis- 
tinguished subset A' = {6 + 1 , <S + 2 } is such that the quotient spherical system is a 
parabolic induction of two factors of type aa(l, 1) and d(n). 

ae 7 (7) + d(n), n > 2. Uniqueness. Take A" = L5+, S+ 2 , 6~ 2 , 5+ 3 , 5~ 3 , 6 as }. The 
distinguished subset A' = {6+ i , 5 + 2 , 5 + 3 } is such that the quotient spherical system 
is a parabolic induction of two factors respectively of type aa(2, 2) and d(n). Let G 
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be 5*0(14 + 2n). The subgroup (Li, ii) is isomorphic to SL(3) x 5*0(2n - 1) and 
dimCi = 3. We have dimiJi — dimff = 5 and dimO = 1, hence dim(Xi,Li) — 
dim(L, L) < 3. The subgroup (L, L) is equal to (L\,Li) and dim H J* — dim H u = 3. 

Existence. If n = 2, dimPj p + rankS = dimS" + 8 and rank A — rankS = 1, 
hence S p = 0. It remains only the case of ae 7 (7) + aa(l, 1). If ra > 2, 5 P 7^ and 
there is a root of type d n on the bifurcation. 

ae 7 (6) + d(n) , n > 2. Uniqueness. Take A" = {<J+ , <y- , <J+ , 5" , 5+ , 5 ai }. The 
distinguished subset A' = {<S+ , <5+ 2 , £+ 4 } is such that the quotient spherical system 
is a parabolic induction of two factors respectively of type aa(2, 2) and d{n). 

3— comb + aa(q) . Uniqueness. Set A" = {5^,5^,6^}. The distinguished 
subset A' = { < 5a 1 : < 5Q 2 } i s such that the quotient spherical system is a parabolic 
induction of aa((q+ 1)). Let G be 50(2g + 6). The subgroup (L\,Li) is isomorphic 
to SL(q + 1) and dimCi = 3. We have dim_ffi — dimH = q + 2 and dimO = 2. 
The subgroup (L,L) is equal to (Li,ii). 

Existence. We have dimPg p + rankS = dim_B u — (q — l)(q — 2)/2 + 4 and 
rank A — rankS = 2. We know that H C Hi and that the quotient G/H —* G/H\ 
extends to a dominant G-morphism with connected fibers. If q > 2, there are no 
root of type d m and there is exactly one root of type a q . The rest is a strongly 
A-connected component of roots of type a\. If q < 2, we know analogously that 
there are two strongly A-connectcd components. 

3— comb + 2 comb. Uniqueness. Set A" = {S~ , S+ 2 , 6~ 2 }. The distinguished 
subset A' = {S~ ,S^ } is such that the quotient spherical system is a parabolic 
induction of aa(2). Let G be 5*0(10). The subgroup {Li,L\) is isomorphic to 
SL{2) and dimOi = 4. We have dimFi - dimtf = 4 and dimO = 2. The 
subgroup {L,L) is equal to (L\,L{). 

Existence. We have that S p = and there are two strongly A-connected com- 
ponents. The spherical system (3— comb) + (2— comb) is the unique that admits 
(5 p ,S,A)/A" as quotient. 

ax(l + p+ 1) +d(n), n > 2. Uniqueness. Set A" = A \ {<* ap+1 ,<*a p+2 }. The 
distinguished subset A' = {S„ ,S a2 } is such that the quotient spherical system is 
a parabolic induction of two factors respectively aa((p + 1)) and d(n). Let G be 
SO(2p + 4 + 2n). The subgroup {L u L{) is isomorphic to SL(p + 1) x SO(2n - 1) 
and dimOi = 2. We have dimiJi — dimH = p+ 1 and dimO = 2. The subgroup 
(L, L) is equal to (Li,L\). 

Existence. We have dim Pg p + rank S = dimB u -(p-l)(p-2)/2-(n-l)(n-2)+4 
and rank A — rankS = 2. We know that H C i?i and that the quotient G/i? — > 
G/Hi extends to a dominant G-morphism with connected fibers. If q > 2, there is 
exactly one root of type d n on the bifurcation and one root of type a q . The rest is a 
strongly A-connected component of roots of type a\. If q < 2, we know analogously 
that there are three strongly A-connccted components. 

af(4) + d(n), n > 2. Uniqueness. Set A" = {^,^,^,^5}- The distin- 
guished subset A' = {5+ , <5+ 2 } is such that the quotient spherical system is a par- 
abolic induction of two factors respectively aa{2) and d(n). Let G be 50(8 + 2n). 
The subgroup (Li,L\) is isomorphic to SL{2) x S0(2n — 1) and dimOi = 3. We 
have dimiii — dimH = 3, dimO = 2 and dim(Li,ii) — dim(L,L) < 2. The 
subgroup (L,L) is equal to (Li,L\). 

Existence. We have dim Pg p + rank S = dim B w — (n — 1) (n — 2) + 5 and rank A — 
rankS = 2. We know that H C i?i and that the quotient G/ff — » G/H\ extends 
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to a dominant G-morphism with connected fibers. There is exactly one root of type 
d n on the bifurcation and two strongly A-connected components of roots of type 
at. 

5. Normality of the Demazure embedding 

In this last section we show that the proof of D. Luna (|L4|) of the conjecture 
of M. Brion ( |B3| ) on the normality of the Demazure embedding holds also in type 
A D. 

Let us report some notations from |L4| . Let g be a semisimple complex Lie 
algebra, and let f) be a Lie subalgebra of g equal to its normalizer. Moreover, G 
denotes the connected component of the identity in Aut(g) and H the stabilizer of f) 
in G. If m = dimtj, Gr m (g) denotes the grassmannian of m-dimensional subspaces 
of g. The Demazure embedding of G/H is the orbit closure G.f) in Gr m (g). 

Rigid wonderful varieties. A wonderful G-variety is said to be rigid if it is an em- 
bedding of G/H where H — Nq{H). In case of an adjoint semisimple group G of 
type A D, the rigidity of a wonderful variety can be characterized, as for type A, 
using the classification: 

Proposition 5.1. Let G be an adjoint semisimple group of type A D, a wonderful 
G-variety is rigid if and only if the set Ax of its spherical system (S x , Ex, Ax) 
does not contain two elements giving the same functional on Sx • 

Proof. If Nq(H) and H are different then they are the stabilizers of two points in 
the open G-orbits of two different wonderful G-varieties X' and X associated to 
different spherical systems. 

The normalizer Nq(H) acts on the set of colours of X, and this action is non- 
trivial because otherwise the spherical system of X' would be equal to the one of 
X. This comes from the fact that S x , — S p x and Aj< = Ax, in type A and D, 
implies Ex' = Ex- 

But now the action of Nq (H) can only exchange couples of colours X moved by 
the same set of simple (spherical) roots and giving the same functional on Sx. 

Vice versa, the spherical systems with two elements of A giving the same func- 
tional can be easily treated. They are parabolic inductions of spherical systems 
with at least one irreducible component equal to one of the following three spheri- 
cal systems: aa(p+ 1 + p), Dl(i), dc{n) for n even. Each one of them is associated 
to a nonrigid wonderful variety, embedding of G/H that is respectively equal to 
SL(2p+2)/S(GL(p+l)xGL{p+l)),SO(2n)/(GL(l)xSO(2n-2)), SO{2n)/GL{n). 
Therefore, every spherical system with two elements of A with the same functional 
is associated to a nonrigid wonderful variety. □ 

Normality. 

Theorem 5.2. Let g be of type A D, for every spherical Lie subalgebra f) equal to 
its normalizer, the Demazure embedding G.f) is wonderful. 

It is known that under these hypotheses, for g of any type, the normalization of 
the Demazure embedding is wonderful f |B3|. [Kn ). Therefore, for us it is sufficient 
to prove that the Demazure embedding itself is normal. 

As in |L4j the matter can be reformulated as follows. Let X be a wonderful 
G-variety, embedding of G/H, m = dimH. The morphism x i— ► q x , where x G 
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G/H and q x is the Lie algebra of the stabilizer of x, extends to a G-morphism 
§x '■ X — > Gr m (g) (the Dcmazure morphism). If X is a rigid wonderful variety, the 
morphism 6x ■ X — > is birational and finite ( B3j). If 8x(X) is normal, then 

5x ■ X — ► (X) is an isomorphism. 

Let 2 £ X denote the unique point fixed by B~, and let T Z (X) 7 be the 7- 
eigenspace inside the tangent space of X at z, for 7 any spherical root. In jL4j it 
is shown that the normality of Sx(X) can be proven checking that the differential 
of Sx, restricted to T Z (X) 7 , is injective for all 7. 

In |L4j the proof goes on as follows. Let G be an adjoint semisimple group of 
type A. A wonderful G- variety is said to be critical if it is rigid, it is not a parabolic 
induction (i.e. supp(E) U S p = S) and it is either of rank 1 or of rank 2 with at 
least one simple spherical root (i.e. £ l~l S 7^ 0). 

(i) Let X be a rigid wonderful G- variety. For every spherical root 7 there exists 
a subset S' of simple roots such that supp(7) U S p C S' and the localization 
of X in S' is critical. 

(ii) If the theorem holds for the critical varieties then it holds in general. 

(iii) The theorem holds for the critical varieties. 

The proof of|u]in L4j remains valid for the case A D. We need only to generalize 
the proofs of HI and lull 

Proof o/[3 If 7 ^ S then it is sufficient to consider the localization in supp(7). 
We have five cases, corresponding to rank one spherical systems, four of which 
occurring in type A (spherical roots of type a rn m > 2, a[, ai x oi, 0I3) plus one 
corresponding to a spherical root of type d m m > 4. Each of these spherical systems 
is associated to a rigid wonderful variety. 

If7 = aGSfl5 then there exists a spherical root 7' ^ a such that (p(S+), 7') 7^ 
(p(S~),j'). Therefore, it is sufficient to consider the localization in supp{a,7'}. 
From the list of rank two prime wonderful varieties QWj'l. we have five cases, four 
of which occurring in type A plus one corresponding to 7' of type d m m > 3, 
(p($a)> l') ~ and (p(5~), 7'} = —2, namely the rank two spherical system D4(ii). 
Each of these spherical systems is associated to a rigid wonderful variety. 

Proof o/[m| The rank one cases are symmetric varieties, hence the theorem 
follows from jDPj . It remains to deal with the above critical cases of rank 2, 
S = {a, 7'}, and prove the injectivity of the differential of 8x only on T z (X) a . In 
|L4j this is reduced to verify that s a ■ (7' — (p(5),j')a) ^ (7' — (p(S),-f')a), for 
S £ A(a). 

Hence, we have only to check the last of the five above rank two spherical systems: 
S = {a = ai, 7' = 2o?2 + • ■ . + 2ct„_2 + a n -i +a n }. Here we have 7' — (p(<5+), 7'}a = 
7' and 7' — (p(S~),"f')a = 7' + 2a, while s a ■ 7' = 7' — (a v ,"f')a = 7' + 2a and 
s a ■ (7' + 2a) = 7'. 
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